Sequences, Bijections, and Perfect Matchings

Gregg Musiker
February 5, 2002

1 Bijection between Perfect Matchings of Kuo
Graphs and Chapman Graphs

Theorem. There is a bijection between perfect matchings of 3-by-2n grid
graphs and perfect matchings in Chapman graphs.

T use the following labeling for the edges of a 3-by-2n grid graph (Kuo Graph):

and the following labeling for Chapman graphs:

I will classify the possible perfect matchings (in each of these graphs simul-
taneously) by the number of distinguished edges (dotted edges) used in the
matching.

1.1 Case 0

If zero distinguished edges are used in either matching, then the matching of
the grid graph is a matching of the disjoint grid graph made up of components H
and the matching of the Chapman graph is a matching of the disjoint graph of
components Dj . There is a bijection these two components:
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1.2 Case 2

To Be Completed (I have a sketch of proof in a word document)

The Important step is that by keeping track of distinguished edges, the
bijection of the disjointed components in case 0 extends to a bijection in the
general case.

2 The Combinatorial Interpretation of the
sequence f,fy—4= fn-1fn-3+1

For all the sequences in this section, the first values can be assumed to equal 1
until the recurrence relation takes over.

2.1 The Combinatorial Interpretation of the
sequence a,a, » =a’_, +1

As we have seen in the past, this sequence enumerates every other Fibonacci
number. Combinatorially, it enumerates the number of perfect matchings of the
2-by-2n grid graph.

However, if we wanted to count the perfect matchings of the 2-by-n grid graphs
(for odd n as well), then we would need the auxiliary sequence 1,2,8,21,55, .. ..

2.2 The Combinatorial Interpretation of the
sequence b,b,_3 = b,_1b,_o + 1

Here, it has been shown above and in Eric Kuo and Robin Chapman initial
emails (available on the bilinear archive) that every-other term of this sequence
(1,3,11,41,...) counts the number of 3-by-2n grid graphs. Also, the left-over
terms (1,2,7,26,...) counts the number of "mutilated” 3-by-2n grid graphs.

The grid graphs enumerated in the joint sequence b,, enumerates grids that have
2,4,6,10,12,14,18,... vertices. That prompted me to look for an auxiliary
sequence (like in the case of a,) that enumerates grid graphs of 8,14,20,...
vertices.

In fact,

| |
is such a sequence. Combining the sequence of number for these grid graphs
with the sequence b, I arrive at the following joint sequence:

1,2,7,26,97, ...

1,3, 11,41, 153, ...




1, 4, 15, 56, 200, ...

In this case, I will call the first line ¢,, the second line d,, and the last line
the auxiliary sequence e,. Notice that ¢, = d,—1 + ep—1, dn = ¢, + €5—1, and
en = dp + en_1. I conjecture the following based on empirical observations: ¢,
counts the number of perfect matchings in
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d,, counts the number of perfe
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Furthermore ¢y, together with ds, 1 form the alternating terms of b,,.

2.3 Back to the Combinatorial Interpretation of the

auxiliary sequence to arrive at the four sequences:
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and e, counts the number of perfect matchings in

sequence fnfnfél = fnflfnfS +1

In this case I break the sequence into terms modulo three and add a fourth

gn=1,2,9,43, ...
hy, =1,3,14,67, ...
jn=1,4,19,91, ...

k, =1,5,24,115, ...

gn = jnfl + knfly hn =gn+ knfly Jn = hn + knfly and kn = ]n + knfl- Their

combinatorial interpretation: g,, counts the number of perfect matchings in

[]

hp, counts the number of perfect matchings in
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Jn counts the number of perfect matchings in
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and k, counts the number of perfect matchings in
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Analogous to the last case, gsn, h3n+1, Jsn+2 alternate to give the sequence f,.

2.4 Generalization

One can show that by starting with two vertices and a horizontal edge, one can
then add another two vertices and three edges below to get a square. After that
Adding two vertices and three edges to the right, one can get an L-shaped tile.
Tterating this sequence of adding edges to the right and adding them below, one
can create polyonimoes that have n perfect matchings, for all integers n.
From this observation the sequence m,m,_r_1 = M,_1M,_; + 1 can be split
into k subsequences and an auxiliary sequence.

M(k)l =1727(k+1)+(k+2)7"-

M) =1,3,(k+1)+2(k+2),...

ME)r =Lk+1,(k+1)+k(k+2),...

Mk g1 =1,k+2,(k+1)(k+3),...
Fori e {2,...k+1}, M(k);(n) = M (k);—1(n)+M (k)g+1(n—1), and M (k)1 (n) =
ME)g(n — 1) + M(k)gs1(n — 1). T conjecture that the first k& rows of this list
splice together to form the sequence m,, and that separately, row j counts the
number of matchings in
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where square j is the last square to appear.

2.5 The special cases K = 1,2, 3:
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The sequence of blocks for K = 2 is exactly the sequence of blocks predicted
above to correspond to a,. Similarly, the sequence of blocks for K = 4 is
exactly the sequence for f,. However, the sequence of blocks for b, differs from
the sequence of blocks for K = 3. Thus Chapman Graphs, Kuo Graphs (3-by-
2n grid graphs) and the sequence of blocks arising from K = 3 all satisfy the
property that the sequence of perfect matchings = b,,.



2.6 Partial Proof of results in Section 2.4
2.6.1 Base Case

Consider the case of a grid graph G; where the block labeled with a 1 only
appears once and j is the last block to occur in the graph. Then given a perfect
matching of G, the edge furthest from the origin in block j either appears in
the matching or it doesn’t.

e If the last edge DOES appear in the matching, then the matching of G
consists of the last edge and a matching of G;_;

o If the last edge DOES NOT appear in the matching, then the two adjacent
parallel edges are in the matching, which forces the edge E (the edge in square
j — 1 which does not touch square j yet is parallel to the last edge) to be in the
matching. The existence of edge E in the matching will force the absence and
inclusion of other specific edges, and continuing this way, it is easy to see that
there is exactly 1 perfect matching of G; that does not contain the last edge.
Since the unit square grid graph of 4-vertices has exactly two matchings, and
#{matchings in G;} = #{matchings in G;_1} + 1, it follows that

#{matchings in G;} = j + 1.

2.6.2 Inductive step

Since the grid graphs in the sequences of 2.4 always end with a unit square,
given graph Gy, which contains a total of n unit squares (and the labeling of
squares ranges from 1 to k + 1), consider the edge furthest from the origin in
the last square, say it is labeled j. This edge will either be part of the matching
or not and by logic similar to the base case, we observe

#{matchingsin G, } = #{matchings in G, }+#{matchingsin G, =1 }.
In the case j =1,
#{matchings in G,} = #{matchings in Gn_1} + F#{matchings in Gp_r_1}.
And if j > 1, then

#{matchings in G} = #{matchings in G,_1} + #{matchings in G,,_;}.

(The term G, +1| =2 comes from the fact that the absence of the last edge
forces the chosen edges in the two previous squares, and at the point, working
backwards until one reaches a square marked k + 1, all edge choices are forced.)
Rearranging the sequences, one arrives at the sequences in 2.4.

2.6.3 How this relates to the sequence m,

It appears that the sequence of matchings of this sequence of blocks satisfies
MpMp—_g—1 = Mp_1My_ + 1 if one omits every (k + 1)st term of the sequence
(i-e splices together M(k)1(n),... M(k)k(n) ).



The special case of K = 1 can be solved using the method shown in REACH
and Math 192r where one combines two overlapping matched graphs of size n
and (n — 2)and then separates them into two matched graphs of size (n — 1)
(left, right) where a unique decomposition is impossible.

I have some empirical evidence for the cases K = 2 and K = 3 although I have
not tested this fully.

3 Special results for a,, i.e. Case K =1
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Since the denominator of this generating function is proportional to y2 — (2 +
x)y + 1, the generating function G(y) satisfies ¥2G(y) = (2+2z) y G(y) — G(y)
which means that

pe(n) = 2+ 2)pe(n —1) — pz(n —2)

where p,(n) = b (™)™ = Y00 (M-™)a™ which is the number of
weighted domino tilings of a 2-by-(2n-2) rectangle where pairs of horizontal

blocks have weight = and vertical dominoes have weight 1.

From Results in REACH, p,(n)p;(n — 2) = py(n — 1)2 + z is true as well. In
this case £ = 1, p1(n) = ay.



4 Conjectured Connections Between the Sequences

Given the M(k);(n) in Section 2.4 and the functions p,(n) in the previous
section.

Conjecture 1: p.(t) = M(r),(t).

Conjecture 2: All M(r);(t) in fact satisfy the recurrence
pr(t) = 2+r)p(t—1) —pr(t —2)



