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Examples
Collections of Finite Structures

0-1 Law For First Order Logic

Lets begin by reviewing what the 0-1 law for first order logic says

Theorem (0-1 Law For First Order Logic)
Suppose L is a finite language and for any formula ¢ of L let

g _1IME¢: M| =nj
" {M[M[ = n}

then lim, o Fpp is 0 or 1

V.

In other words any formula of first order logic holds asymptotically
almost always or asymptotically almost never.
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Examples
Collections of Finite Structures

Since the discovery of the 0-1 law for first order logic there have
been many attempts to generalize it. One of the most successful of
which has come from limiting the collection of finite models we
consider. For example the following all have 0-1 laws

Theorem (0-1 Law For Finite Graphs)
For any first order formula ¢ in the language of graphs let

c {G E ¢ :|G|=nand G is a graph}|
e {G : |G| =n and G is a graph}|

then lim,_o Gn, is 0 or 1.
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0-1 Laws Examples

Collections of Finite Structures

Triangle Free Graphs and Bipartite Graphs

Theorem (0-1 Law For Triangle Free Finite Graphs)

For any first order formula ¢ in the language of graphs let

F_ {TF = ¢ :|TF| = n and TF is a triangle free graph}|
" |{TF:|TF| = n and TF is a triangle free graph}|

then lim,_ oo TF,, is 0 or 1.
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0-1 Laws Examples

Collections of Finite Structures

Triangle Free Graphs and Bipartite Graphs

Theorem (0-1 Law For Triangle Free Finite Graphs)
For any first order formula ¢ in the language of graphs let

F_ {TF = ¢ :|TF| = n and TF is a triangle free graph}|
" |{TF:|TF| = n and TF is a triangle free graph}|

then lim,_ oo TF,, is 0 or 1.

Theorem (0-1 Law For Bipartite Finite Graphs)

For any first order formula ¢ in the language of partial orders let

BG.  — {BG = ¢ : |[BG| = n and BG is a partial order|}
™ |{BP:|BP| = n and BG is a partial order|}

then lim,_.oc BGp, o, is 0 or 1.
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Examples
Collections of Finite Structures

Collections of Finite Structures

Now lets formulate a general version of a 0-1 law.

Definition

A collection of finite L structures A is called valid if for each n
there are a non-zero finite number of structures in A of size n.

Notice we have not assumed that our language is finite. We have
just required that we only consider a finite number of models of
any given size.
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Examples
Collections of Finite Structures

Collections of Finite Structures

Definition
Suppose A is a valid collection of finite structures. Let

M E¢:|M|=nand Mis an L structure}|
e {M : [M| = n and M is an L structure}|

and let pp = lim,_o0 pa p if it exists and be undefined otherwise.

Definition

We define 01Law(A) to be the collection of formulas ¢ such that
v = 1. We say A satisfies the 0-1 law if 01Law(A) is a complete
theory.
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Examples
Collections of Finite Structures

Possible 0-1 Laws

Now can ask, “what types of theories can we get as the result of
0-1 laws for a finite collection of structures?”
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Examples
Collections of Finite Structures

Possible 0-1 Laws

Now can ask, “what types of theories can we get as the result of
0-1 laws for a finite collection of structures?”

It turns out that we can get almost any theory.

Theorem (A, Freer, Patel)
Suppose T is a theory. Then the following are equivalent
(a) Thereis an A such that T = 01Law(A)

(b) For all finite X C T there is an nx € w such that for all
m > nx there is a model M of size m which satisfies all
elements of X.
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0-1 Law Operator

Subsets of Models Properties of 0-1 Law for a Theory

Random Models

In order to find a notion which is restrictive but still captures the
cases we have seen we need an observation

Theorem

For each of
@ The collection of finite graphs
@ The collection of finite triangle free graphs
@ The collection of finite bipartite graphs

There is an complete theory such that the above collection of finite
models are just the collection of finite submodels of some infinite
model of our theory.

We call the (unique) model the “random graph”, ‘random triangle
free graph”, and the “random bipartite graph” respectively.
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0-1 Law Operator
Properties of 0-1 Law for a Theory

Subsets of Models

0-1 Law for a Theory

This suggests a definition

Suppose T is a first order theory. Then let A(T) be the collection
of finite substructures of infinite models of T.

Definition
We let 01Law/(T) be the collection of first order formulas

{¢:oam =1}

We say T satisfies the 0-1 Law if 01Law(T) is a complete theory.

So 01Law(—) is a map from first order theories to first order
theories.
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0-1 Law Operator
Properties of 0-1 Law for a Theory

Subsets of Models

Basic Properties of 0-1 Law for a Theory

There are some immediate properties of the 01Law function.

For any T, 01Law(T) has only infinite models.

If o € T and ¢ is My then ¢ € 01Law(T).

If To and Ty satisfy the same X1 and [y sentences then
01Law(Tp) = 01Law(Ty).
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0-1 Law Operator

Subsets of Models Properties of 0-1 Law for a Theory

0-1 Law Is Non-Trivial

The first thing we want to show about the 01Law operator is that
it is non-trivial. l.e. there are complete theories T such that
01Law(T) is complete and 01Law(T) # T.
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0-1 Law Operator
Properties of 0-1 Law for a Theory

Subsets of Models

0-1 Law Is Non-Trivial

The first thing we want to show about the 01Law operator is that
it is non-trivial. l.e. there are complete theories T such that
01Law(T) is complete and 01Law(T) # T.

Let
@ T1rc be the theory of the random triangle free graph

@ Tpgip be the theory of the random bipartite random graph
Then OlLaW(TTpc;) = OlLaW( TB,'p) = TBiP
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Upper Bounds on Computability

Computability of the 0-1 Law Operator Lower Bounds on Computability

Computability of the Operator

Now we can ask the main question of the talk:

“If T is a complete computable theory with a 0-1 law, how
computable can 01Law(T) be?”
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Upper Bounds on Computability
Lower Bounds on Computability

Computability of the 0-1 Law Operator

Upper Bounds

If T is a computable, X1 complete theory then A(T) is
computable.

Because the ¥; theory determines which atomic types are
realized. n
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Upper Bounds on Computability

Computability of the 0-1 Law Operator Lower Bounds on Computability

Upper Bounds

Suppose T is a X1-complete computable theory. Then 01Law(T)
is Turing reducible to 0".

(1) We know that ¢ € 01Law(T) if and only if
(Ve)En)(¥m > n)l@a(ry.m — 1] < €

(2) So the relation “p € 01Law(T)" is N and hence computable
from 0"

O
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Upper Bounds on Computability

Computability of the 0-1 Law Operator Lower Bounds on Computability

Upper Bounds

Suppose T is a X1-complete computable theory satisfying the 0-1
law. Then 01Law(T) is Turing reducible to 0'.

(1) We know that for all first order formulas ¢, either ¢4 = 0 or
wa = 1.

(2) ¢ € 01Law(T) < (In)(Ym > n)|pa(T),m — 1| < 1/3. Hence
“o € 01Law(T)" is a 9 formula.

(3) ¢ € 01Law(T) < (In)(Ym > n)|pa(T),m — 0] < 1/3. Hence
“o € 01Law(T)" is a M3 formula.

(4) So “¢ € 01Law(T)" is AJ and hence computable from 0’
L]
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Upper Bounds on Computability

Computability of the 0-1 Law Operator (bt [Ermmids ar (Gt

Lower Bound

Theorem (Main Theorem)

Suppose B* is a AY subset of w. Then there is
e A computable theory To_11a, (independent of B*)
e A computable set of formulas ® (independent of B*)
e A computable complete theory Tpgasic(B)

such that
o 01Law(Tpgasic(B)) is complete.
@ 01Law(Tgasic(B)) = To—11aw U X foran X C @

e X is computably isomorphic to B*
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