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Abstract

The goal of this paper is to extend Morley’s results in [9] to realizability toposes.
We consider two natural notions of “countable model” in this context. We show
for both of these notions of countable and for any first order theory T in a
countable language, that there is either a perfect set of non-isomorphic models
of T or there are at most N; many non-isomorphic models of T" in the realizability
topos over any countable PCA.
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1. Introduction

1.1. Summary

One of the oldest open questions in model theory is “how many countable
models can a countable first order theory have?” This problem was first pro-
posed by Vaught in his seminal paper [12] where he asked “Can it be proved,
without the use of the continuum hypothesis, that there exists a complete theory
having exactly N; non-isomorphic denumerable models?”. Since that time the
statement that every first order theory has either countably many or continuum
many countable models, a statement which would imply a negative answer to

Vaught’s question, has become known as “Vaught’s conjecture”.
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In his paper [9] Morley took one of the most significant steps towards re-
solving Vaught’s conjecture. Morley not only proved that any first order theory
which did not have a perfect set of countable models had at most ¥; many
countable models but he also showed that this result holds for arbitrary sen-
tences of L, .. Morley’s result was significant not only because it provided a
concrete bound on the ways in which Vaught’s conjecture could fail, but also
because it extended Vaught’s conjecture into the realm of infinitary logic and
as such opened up a large collection of new methods for studying the problem.

In [1] the author showed that, under a mild determinacy hypothesis, Mor-
ley’s result! could be extended to categories of sheaves on a (countably gener-
ated) site. Just as Morley’s original result led to a generalization of Vaught’s
conjecture for sentences of L, . the results in [1] lead to an extension of
Vaught’s conjecture to the realm of Grothendieck Toposes. Further, the results
of [1] suggest the question: “Are there other toposes (with a natural notion of
countable) for which Morley’s theorem holds?”

The goal of this paper is to further extend Morley’s theorem to those re-
alizability toposes which come from a countable partial combinatorial algebra
(PCA). We will do this by reducing the question of how many countable models
of a theory exists in a realizability topos to a question about the number of
models in the category of sets of a (related) sentence of Ly, (o).

Our proof consists of three parts. As is well known, every realizability
topos can be constructed as the category of partial equivalence relations on a
first order hyperdoctrine. The first step in the proof is to show that we can
represent any model in a realizability topos inside of this hyperdoctrine using
what we call “interpretations”. In the second part of the proof we show how to
define the collection of interpretations which satisfy a given theory by models in
the category of sets which satisfy a given formula of L .. In this way we get,

for every model of a theory in our realizability topos, a model in the category of

L As was observed in [1] in categories of sheaves there are four natural notion of countable.

In [1] we show that Morley’s theorem holds for each of these four notions.



sets. This will then also allow us to show that the isomorphism relation in our
realizability topos can be described by a PC,,, class on the collection of models
in the category of sets. Finally we will use these results and various theorems

of descriptive set theory to prove Morley’s theorem in our realizability topos.

1.2. Qutline

The structure of the paper is as follows. In Section 2 we review terminology
and standard results from infinitary logic, set theory and category theory. In
Section 3 we will review the basic notions concerning hyperdoctrines. It is in
this section that we introduce the notion of an interpretation of a language in
a hyperdoctrine as well as our notion of a model in a hyperdoctrine. This will
lead to the most important result of this section, Proposition 3.24, which says
there are natural maps between the models of a language in a hyperdoctrine and
the models in the category of partial equivalence relations on the hyperdoctrine.
Most of the material in Section 2 and Section 3 is either well known or closely
related to well known material and we reproduce it here for completeness and
to make precise what we are discussing.

In Section 4.1 we introduce the central new notion of this paper, that of a
definable hyperdoctrine. The definition introduces added structure which will
allow us to capture (some of) the underlying hyperdoctrine operations using
models in the category of sets. As we will see this is a versatile notion and
many of the hyperdoctrines associated with realizability (and not just those as-
sociated with realizability over a PCA) are definable. In Section 4.2 we show
that for each language o there is a theory T'(¢) and an isomorphism of categories
between interpretations of ¢ and models of T'(c). In Section 4.3 and Section
4.4 we show, for a realizability topos over a PCA, how to define the collection
interpretations which satisfying a given theory, using those models of T'(¢) in
the category of sets that satisfy a sentence of L ,,.

In Section 5 we introduce the two notions of countable which we will con-
sider. The first of these notions, being countably generated, comes from an

analysis of the partial equivalence relation construction over a definable hyper-



doctrine. The second notion, being monic bound means you are isomorphic
to a subobject of your bound. In this way if we have an object, like say the
natural numbers object, which is intrinsically countable, then we can consider
those objects which are bound by it.

Finally in Section 6 we prove the main theorems of this paper. In Section
6.1 we prove a generalization of Morley’s theorem for countably generated mod-
els. Specifically we show that given any first order theory 7', there are either
continuum many or at most N; many countably generated models in the cate-
gory of partial equivalence relations over a countably presented simple definable
hyperdoctrine. In Section 6.2 we then prove the same result for models monic
bound by a countably generated object.

We end this paper in Section 7 with two related results. First in Section 7.1,
we show that in the case of countably generated models whether or not there
is a perfect set of models is independent of the model of set theory we work
in. In Section 7.2 we show that for a topological space T' with open sets O(T),
the hyperdoctrine from which O(T')-valued sets are constructed is definable and
simple. From this we deduce that if T is countable and second countable then
Morley’s theorem holds for O(T')-valued sets. As the notion of countably gen-
erated for O(T)-valued sets in this paper and the notion of countably generated
for sheaves on O(T) in [1] coincide this allows us to remove the determinacy

result from the main theorem in [1] (when T is countable and second countable).

2. Background

2.1. Logics

In this paper we only deal with finitary multi-sorted languages of which o
and 7 (and their variants) will always be instances. We denote the collection of
sorts of o by S, the collection of relation symbols in ¢ by R, and the collec-
tion of function symbols in o by F,. Further, to simplify the presentation, we

will assume that the collection of sorts of any languages is closed under finite



sequences® and that the corresponding projection functions are always part of
the language.

We say a formula ¢(z) is of type X if z is a variable® of sort X. Similarly
we say a function f(z) is of type X — Y if x is a variable of sort X and f takes
values in the sort Y. Note that then empty sequence of sorts, (), is a sort and
as such we allow relations and functions with () as their domain.

We denote by Mod,, the category of o structures (in the category of sets)
along with maps which preserve and reflect all (non-equality) relations and com-
mute with all functions. For any sentence ¢ in the language o we let Mod, ()
be the full subcategory of Mod,, consisting of those models which satisfy ¢.

By L, (o) we mean the logic where we allow < & sized disjunctions and
conjunctions along with finite quantification (see [5] for a more detained intro-
duction). We say a class K of models of ¢ is in PC,(o) if there is a language
o* and a formula ¢ € L, ,(c*) such that ¢ C ¢*, |0* — 0] < k, and M € K
if and only if [(IM* € Mod,(¢))M*|, = M and |[M*| = |[M]]. We will let
Loow(9) = Uscorp Lrw():

We say an equivalence relation on o structures, =, is PC, (o) if there
is a language o* such that ¢* contains two disjoint copies og, 01, of o where
Sor = S5y USs,, and there is a sentence 1=, € Lo, (0*) such that the follow-

ing are equivalent for models My, M7 € Mod,:
(] MO =5 Ml.

o (AIM* € Mod,« (Y=, ) ) M*|sy = Mo and M*|,, = M; (where these iso-

morphisms are under the association of 0y, 01 with o in the obvious way).

2This will allow us to treat X as a sort when X = (X71,---, X,). This will make it possible
to (mostly) avoid dealing with sequences of sorts.

31f X = (X1,...,Xn) then a variable of type X is the same as a sequence of variables
(z1,...,zn) where z; is of type Xj.



2.2. Set Theory

We begin this section with a brief discussion of notions from set theory which
will be important in this paper. We refer the reader to such standard texts as
[3] for any set theoretic results or definitions not explicitly discussed.

In this paper we use Zermelo-Fraenkel Set Theory with the Axiom of Choice
(ZFC) as our ambient theory and we will assume all results take place in a fixed
model of ZFC which we refer to as SET. In this paper « (along with its variants)
will always be cardinals.

There are a few results of descriptive set theory which will be important
later. We mention them here:

Definition 2.1 ([4] Definition 16.5). Let ¢ = (R; : i € I) be a one sorted

countable relational language where R; has arity n;. Let Mod, (N) =[], oN™,
We can view Mod,, (N) as the space of models with underlying set N, the natural
numbers (with the obvious topology). As such there is a natural action of Sy

(the permutation group of N) on Mod, (N).

If o is a countable multi-sorted language then there is a one sorted language
o1 which contains a relation symbol for each sort of ¢ and there is a sentence
o € Ly w(01) such that models of ¢, represent models of o in the obvious
way. In this context Mod,(N) then be the subset of Mod,, (N) consisting of

those elements satisfying ¢, .

Theorem 2.2 ([4] Theorem 16.8). The Sy invariant Borel subsets of Mod,(N)
are exactly those subsets of the form {x € Mod,(N) : x |= ¢} for some sentence

¢ € Loy w(0).
Corollary 2.3. For any PC,,, formula ®, the set {x : x € Mod,(N) and x = ®}

is a B1 invariant subset of Mody(N).

Proof. ® is of the form (IM* € Mod,~(N))M* = ¢ and M*|, = M because

our definition of PC,,, bounds the size of the expansions we need to consider. [

Corollary 2.4. For any PC,, equivalence relation =, the set {(z,y) : z,y €
Mody(N), z =y} is a B} invariant subset of Mody(N) x Mod,(N).



Theorem 2.5 ([3] Theorem 32.9). If E is a £] equivalence relation on 2 then

one of the following holds:
o There is a perfect set of reals in E-inequivalent reals in X.
e There are at most Xy many E-inequivalent reals in X.

Further, whether there is a perfect set of E-inequivalent reals is absolute between

models of set theory.

Corollary 2.6. Suppose X is a 2% subset of 2 and E is a 2% equivalence

relation on elements of 2. Then one of the following holds:
e There is a perfect set of reals in E-inequivalent reals in X.
e There are at most Xy many E-inequivalent reals in X.

Proof. This follows in a straight forward way from an analysis of Theorem 25.19

of [3]. For a (slightly) more detailed explanation see [1] Proposition 2.12. O

Corollary 2.7. Suppose o is a countable language, ¢ € L., (o) is a sentence

and = is a PC,, (o) equivalence relation. Then one of the following holds:

e There is is a perfect set of reals each encoding a countable o-structures

that models ¢ such that no two models are =-equivalent.

e There can be at most Ry reals each encoding a countable o-structures that

models ¢ such that no two models are =-equivalent.
Further which one is independent of the model of set theory we are working in.

Corollary 2.8. Suppose o is a countable language, ¢ € PC,, (c) is a sentence

and = is a PC,, (o) equivalence relation. Then one of the following holds:

e There is is a perfect set of reals each encoding a countable o-structures

that models ¢ such that no two models are =-equivalent.

e There can be at most Ry reals each encoding a countable o-structures that

models ¢ such that no two models are =-equivalent.



2.3. Category Theory

In this section we review some of the categorical notions which we will need.
For more information on the general category theory in this paper the reader is
referred to such standard texts as [6].

All categories in this paper will be locally small and we will use the conven-
tion that if C is a category with objects A and B, C[A, B] is the set of morphisms
whose domain is A and whose codomain is B. We also abuse notation by using
x € C to mean zx is an object of C and, when no confusion can arise, by using
SET to refer to the category of sets and functions in our ambient model SET
of ZFC.

We let Preorder be the partially order enriched category of preorders and
Heyting be the (non full) subcategory of Heyting prealgebras. For a definition
of these notions (as well as the important notion of a psuedofunctor) we refer
the reader to [11] Chapter 2.1.1. We will also assume that for each Heyting
prealgebra we have chosen a representative from each equivalence class.*

If HA is a Heyting prealgebra we will refer to T g4 as a top element of
HA (i.e. Tya=sup{z:xz € HA}) and Ly as a bottom element of HA (i.e.
lya=inf{z:zec HA}).

3. Hyperdoctrines

In this section we review the notion of a first order hyperdoctrine and the
partial equivalence relation construction. The partial equivalence relation con-
struction is important as every realizability topos over a PCA can be constructed
using the partial equivalence class construction applied to a certain hyperdoc-
trine. As most of the ideas in this section can be easily constructed from well
known results we refer the reader to the standard text [11] (especially Chapter

2) for a more thorough explanation of the concepts mentioned here.

4This will make statements like a A b = ¢ have meaning.



8.1. Definitions and Internal Language

For the rest of the paper C will always be a category with finite products.
Further we will assume that a specific choice of products has been made (so

statements of the form X = X; x X5 are well defined).

Definition 3.1. A hyperdoctrine consists of a pair (C,H) where C is a cat-
egory with finite products and H is a contravariant psuedofunctor H : CP? —

Heyting from C into the category of Heyting prealgebras which satisfies:

e For each product projection mx : X x Y — X in C the functor H(rx) :
H(X) — H(X xY) has both a left adjoint (IY)x and a right adjoint
(VY)x in the category of preorders®.

For a more complete definition of a hyperdoctrine we refer the interested
reader to [10]. From now on (C,H) will always be a first order hyperdoctrine.

One can associate to (C,H) a language oy where

e For each object X € C there is a sort X° of o3 and where the sort

associated to (X1,...,X,)% = X x --- x X5,

e For each function f € C[X,Y] there is a function symbol F} of type
X5 5 YS,
e For each element () € H(X) there is a relation symbol Rg of type X*.
For each term ¢ in this language we can associate a map [t]# in C by induc-

tion in the obvious way (where [Fy]y = f). We can also give a interpretation

[¢]# of formulas p(x) € Ly, (02,)8 in the standard way”.

5Tt is worth stressing that we do not require (VY)x and (3Y)x to be maps of Heyting

prealgebras, but only of preorders.
61n general we are not able to extend this interpretation to all of Loo,w (o03) because we

have not assumed the Heyting prealgebras H(X) are complete (and in the case of realizability

toposes they usually won’t be).
"Notice that these are only unique up to isomorphism as H(X) is only a Heyting prealgebra

and not necessarily a Heyting algebra.



We say that a sentence ¢ in this language is satisfied by a hyperdoctrine
(C, M), written (C,H) = ¢, if [¢]p = Ty 1e) (where 1¢ is a terminal object in
Q).

We then have the following important result concerning hyperdoctrines

Theorem 3.2 (Soundness of Hyperdoctrines® ([11] Theorem 2.1.6)). Suppose
18 a sentence which is provable in first order intuitionistic logic without equality.

Then for every hyperdoctrine (C,H), (C,H) E .

For a more thorough treatment see [11] Section 2.1.3.

8.2. Partial Equivalence Relation Construction

In this section we review the partial equivalence relation (PER) construction.
Hyperdoctrines are sound for intuitionistic first order logic without equality and
the PER construction is a way to allow us to interpret equality. In particular
the PER construction on a hyperdoctrine is one way in which we can construct

realizability toposes based on a PCA.

Definition 3.3. Given a hyperdoctrine (C, H) we define the category of par-

tial equivalence relations on (C, ), C[H], where
e The objects of C[H] are pairs (X, ~x) where
— X €0bj(C) and ~x€ H(X x X).
— The following sentences? are satisfied by (C, H):
* (Vo,2': X)(z ~x ') = (2/ ~x z).

x (Va,a’ 2" X)(z ~vx )N (2 ~x 27) = (2 ~x 7).

e A morphism from (X, ~x) to (Y, ~y) is given by an F € H(X x Y) such
that the following sentences!'® are satisfied by (C,H):

8There are other notions of hyperdoctrine than the one presented here and each notion

captures a fragment fragment of logic.
9These express in the internal language of (C,H) that ~x is a partial equivalence relation.
10These express in the internal language of (C,#H) that I’ respects the partial equivalence

relations ~x and ~y and that F is single valued and total with respect to them.

10



— (Vo : X)(Vy : X)F(z,9) = (x ~x ) A (y ~y y).

— (Yo, 21 + X)(Yyo, y1 : Y)(wo ~x 1) A (yo ~v y1) A F(z0,90) —
F(x1,y1)-

= (V2 : X)(Vyo,y1 : Y)F(2,90) A F(2,91) = (Yo ~y y1)-

- Vz: X)(x~xz)—= Fy:Y)F(x,y).
e The identity morphism on (X, ~x) is given by ~y itself.

e Composition of F': (X,~x) = (Y,~y) and G : (Y,~y) = (Z,~z) is the
element [(Jy : Y)H[m1]F (z,y) AN H]m2]G(y, z)] of H(X x Z) (where 7y, 7o
are the projections from X x Y x Z onto X x Y and Y x Z respectively.)

That composition is associative and that the indicated morphisms are iden-
tities follows from the soundness of hyperdoctrines for first order intuitionistic
logic.

It is not hard to show that C[H] will always be a Heyting category (for
a proof of this see [11] Theorem 2.2.1 along with the Remark immediately af-
terwards). Further, in many cases, like in the case of the construction of a
realizability topos on a PCA from a hyperdoctrine, the resulting category will
be a topos. But in this paper we will never need anything beyond the structure

of a Heyting category.
Lemma 3.4 ([10] Lemma 3.2). C[H] has finite products where:

o A terminal object of C[H] is (1c, Ty (1ox10)) where 1¢ is a terminal object
of C.

e A product for (X,~x) and (Y,~y) is given by (X X Y,~xxy) where

(x,y) ~xxy (@) & (x ~x )N (y ~y y') with the evident projections.

Lemma 3.5 ([10] Lemma 3.3). 4 function f : (X, ~x) — (Y, ~y) is a monomor-

phism if and only if (C,H) = (Vx,2',y)F(z,y) NF(z',y) = x ~x o’
Definition 3.6. We say an element P € H(Y) strict on (Y, ~y) if

e (CH)E(Vy:Y)PQy) =y -~y vy

11



e (CH)E (Vy,y :Y)P(y) Ny ~v ¥y = Py).

Lemma 3.7 ([10] p. 271). Every monomorphism m : (X,~x) — (Y,~y)
is in the same subobject as one of the form (Y,=) where x ~ 2’ < (v ~y
' NSt (x)) for a strict relation St,,. We say that St,, represents m. Further
there is a bijection between subobjects of (Y,~y) and isomorphism classes of

strict relations.

The point of the previous three lemmas is that the properties of being a
product, of being a monomorphism and of being a strict relation all can be

described by first order formulas.

3.8. Models and Interpretations

An important feature of the partial equivalence relation construction is that
for each model M in C[H] and each formula ¢ € L, ,(0) of type X we can
associate a subobject {x : ¢(x)}™ of XM in a canonical way. Further this
subobject can be characterized in the internal language of (C, H). We reproduce
here the basic ideas which we will need. For a more thorough treatment see [11]

Chapter 2.

3.3.1. Models in C[H]

We now define the notion of a model in a category. For more information

on the notion of a model in a category we refer the reader to [8] or [7].
Definition 3.8. A o-structure M in C[H] consist of:

e For every sort X € S, an object XM of C[#] such that for every sequence
(X1,...,X,) of sorts (X1,..., X, )M = XM x -+ x XM and the ()M =

Loy (a terminal object).

e For every function f € F, of type X — Y we have a map in C[H],

fMXM oYM

e For every relation R € R, of type X we have an subobject RM of X™M.

12



We let Str, be the collection of ¢ structures in C[H].

Given a model M € Str, and a formula ¢(x) € L, () of type X we can
define a subobject {x : p(x)}™ of X in the standard way. From now on M

(and its variants) will always represent models in C[H)].

Definition 3.9. Suppose that Mg, M; are o-structures in C[H]. An isomor-
phism of models o : My — M is a set of maps (ax : X € S,) such that:

e For each sort X € S,, ax € C[H][XMo, XM1] is an isomorphism and for

any sequence X = (X1,...,X,,) we have ax = ax, X - X ax,.
e For any function f € F, with f: X =Y, ay o fMo = fMicay.

e For any relation R € R, of type X and any monomorphism r in the

subobject RMo | the subobject containing ax o7 is the same subobject as

RM1,
We denote the existence of an isomorphism between Mg and My by Mg = M.

We now observe that the notion that two models are isomorphic is definable.

More specifically we have the following:

Definition 3.10. Let 0y, 01 be two disjoint copies of o, let 0,5, = 09 U 01 U
{ax : Xo = X; for any X € S} U{Bx : X1 — Xp for X € S,} and let
Thiso(0) C Ly w(0iso) be the theory which says

e For each sort X € S,
— (Vo : X1)ax o Bx(x) =x, .
— (Vo : Xo)Bx o ax(x) =x, .
e For each function f: X — Y in F,:
— (Vz : Xo)ay o fo(z) =y, f10 Bx(z).
— (Vo : X1)By o fi1(x) =y, fooax(z).

e For each relation R of type X in R,:

13



— (V2 : Xo)Ri(ax(z)) & Ro(z).
— (Vo : X1)Ro(Bx(2)) > Ri(z).
Proposition 3.11. For any two models Mo, My of o in C[H] the following are
equivalent:
o Moy M,.

e There is a model I of Thiso(0) where I|s, = Mo and I|y, = My (where
here the isomorphism is after associating og and o1 with o in the obvious
way.)

Proof. This follows immediately from the soundness of hyperdoctrines for first

order logic . O

This tells us that determining if two models are isomorphic can be reduced

to determining the existence of a model of a first order theory.

3.3.2. Interpretations
In this section we introduce the notion of an interpretation of a language in

a hyperdoctrine.

Definition 3.12. Suppose o is a relational language. An interpretation, [-],

of o in a hyperdoctrine (C,H) consists of the following:

e For each sort X € S, an object [X] € C where [(X1,...,X,)] = [X1] X
X (X))

e For each relation R € R, of type X we assign an element [R] € H([X]).

A morphism of interpretations f : [-|o — [-]1 consists of a map fx : [X]o —
[X]; for each sort X such that for each relation R of type X, H(fx)([R]1) = [R]o.

We will denote the category of interpretations on o by Int(o).

H1n particular, we have [()] is the empty product or a terminal object 1c.

14



While the notion of morphism of interpretation will give us a notion of

isomorphism, there are times when it will be useful to have a stronger notion.

Definition 3.13. We say that two interpretations [-]o, []1 of o are strongly
isomorphic if for every sort X € S,, [X]o = [X]1 and for every relation

R e Ry, [Rlo 2 [R]1 in H([X]o). In this case we say [-]o Zst []1-

We can extend an interpretation [-] to an assignment on £, ,(c)'? which
takes a formula without equality, ¢ of type X, to an element [¢] € H([X]). We
do this in the obvious way using the internal structure of the hyperdoctrine!3.
We say that an interpretation satisfies a sentence o, [-] F ¢, if [¢] = Ty 1)

We will mainly care about interpretations only up to strong isomorphism.

Hence the following lemma will be very useful.

Lemma 3.14. For any formulas g, 1 (without equality) of type X the follow-

ing are equivalent for any interpretation ||
b [1/10] St W)l}
o [JE (Va: X)do(z) ¢ ¢ (2).

Proof. This follows from the fact that hyperdoctrines are sound for first order

logic. O

The simplest example of an interpretation is the map []y (restricted to
the relations of the language o3). We can also define a restriction relation on

interpretations.

Definition 3.15. Suppose 7 C o are relational languages and [-] is an interpre-
tation of 0. We then define [-]|, to be the interpretation of 7 which agrees with

ag.

121f our underlying Heyting prealgebras are complete, we are able to extend this to all of

Loo,w(o).
13Notice that this assignment is only unique up to isomorphism in H([X]). As such we

consider the particular choice of [¢] as part of the structure of [].

15



Along with the notion of a restriction we have the notion of a conservative

expansion.

Definition 3.16. Suppose 7 C ¢ and T' C L, (7) is a theory. A theory

T* C L,(0) is a conservative expansion (for interpretations) of T if
e For all [-] € Int(o), if [| | T then []|, ET.

e Forall [[] € Int(7) with [-] = T, there is an [-]. € Int(o) such that []. = T*
and [1.]; = [].

e Forall []o, []1 € Int(0), if []o, []: = ¢ and []o| = []1]+ then [Jo = []1.

In other words 7™ is a conservative expansion of 1" if there is a map, Exz 7+,
from interpretations of 7 which satisfy T to interpretations of o which satisfy T™*
where Exg 1+ ([-])|r &t [] (i.e. Exp - is the inverse to the restriction relation
up to strong isomorphism).

The simplest example is the following (which will be important later).

Definition 3.17. Suppose o is a relational language. We define the Morley-

ization of o to consist of a language o, defined by:
e Let 0g = 0 U{R1,R.} where Rt, R, are relations on the empty sort ().

o Let 0j11 = 0; U{Ry, : ¢ € L, ,,(0;)} where R, is a relation of the same
type as .
® onor = Uieo, 7i-
along with a theory Mor, C Ly, (0aror) consisting of:
e R+ (Vax: X)Tand Ry + (Fz: X)L.
e For each relation Q € R, of type X we have (Vz : X)Rg(x) < Q(x).
o If ¢ € L, ,(0mor) are of type X then we have
— (Vo X)Ronp(@)  [Ry() A Ru(a),

— (Vo : X)Ryvy(x) <> [Re(z) V Ry (x)].
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- (Vs X)Rpgl2)  [Ro(e) = R(2))
o If o€ Ly u(0mor) is of type (X,Y) then we have

= (Vo : X)Ray:y)e(ay) < Fy:Y)R,(2,y).

— (Vo : X)Rivy:vyp(a,y) < (VY Y)Ro(2,y).
The following are then immediate.
Lemma 3.18. For ¢ € Ly, ,(0aror) of type X, Mory = (Vo : X)p(z) <+ Ry(x).

Lemma 3.19. For any theory T C Ly, (o), then Mor,(T) = Mor, U{R,, :

p € T} is a conservative expansion (for interpretations) of T.

Lemma 3.20. If 7 C o then Taor € Onmor and Mor. = More N Ly, o(Taor)-

The Morleyization of a language are important because, as we will see in
Proposition 4.23, we can define those interpretations (using models in SET)

which satisfy the Morleyization of a language.

3.8.8. Models in (C,H)
With the notion of an interpretation in hand we are ready to define the
notion of a model in a hyperdoctrine. The goal is to capture the structure of a

model in C[H] using the structure of the hyperdoctrine (C, #).

Definition 3.21. If ¢ is a language let oge; be the relational language where:

e For every f € F, of type X =Y thereisa f; € R of type (X,Y).

O Rel

e For each sort X € S, there is a relation ~x€ R of type (X, X).

O Rel

We define a model NV of ¢ in a hyperdoctrine (C,H) to be an interpretation

[| - []a € Int(0Rer) where:

17



e For eachsort X € S, ([| X|]w, [| ~x |]a7) is an object in C[H] and for each
sequence of sorts (X71,...,X,) we have ([{(X1,...,X)n | X X )

) = (Xl [~ ) < (Xl [ ~x, [l)-

e For each relation R € R, of type X, [|R||x € H([|X|]n) is a strict element

on ([|X|]n, [| ~x |la) (and hence represents a subobject of ([|X||ar, [| ~x

Ia))-

e For each function f € F, of type X — Y the relation [|f|]x is a map in
CH] from ([[X|lx, [ ~x lla) to ([[Y[la, [ ~y [lv)-

Notice by Lemma 3.4 and Lemma 3.5 there is a theory Thint.o C Ly w(ORel)
such that [|-|]ar is an interpretation associated to a model if and only if [|- [|» |
Thint,o. From now on N (and its variants) will always represent models in
(C,H) with corresponding interpretation [||]ar-

If 7 C 0 and NV is a model of ¢ in (C, H) we can define N|; to be the model
of 7 such that [|- [y, = [| - []ar|rg., (i-e. the interpretation associated with N|-
agrees with the interpretation associated to N on Tge;)

There is a close relationship between o structures in C[H] and models of o

in (C,H). This is given by the following.

Definition 3.22. For each model N of ¢ in (C,H) there is a o structure p(N)
in C[H] where

e For each sort X € S, the object X*N) = ([| X|]n, [| ~x |In)-

e For each relation R € R,,, RP™) is the subobject associated to [|R|]x (i.e.
if St,, = [|R|]x then RPW) is the subobject containing m).

e For each function f € F,, fPN) = [/

Definition 3.23. For each o structure M in C[H] there is a model of o, (M),
in (C,H) where:

e For each sort X € S,, if XM = (A, E4) then [|X[];m) = A and [| ~x

18



e For each relation R € R, we have [|R|]4aq) is a strict relation which

represents the subobject RM.
e For each function f € F, we have fM = [ £l g
The following is then immediate.
Proposition 3.24. (1) For every M € Str, we have M = p(q(M)).
(2) For every model N of o in (C,H) we have N =g q(p(N)).

(3) For all model No, N1 of o in (C,H), [| - lInvy st [| - [Ian of and only if
p(No) = p(N).

Proof. This follows immediately from the definition and Lemma 3.7. O

Proposition 3.24 says that there is a bijection between o structures in C[H)]
and strong isomorphism classes of models of ¢ in (C, H).
This bijection between o structures in C[H] and strong isomorphism classes

of models of ¢ in (C, H) goes even further and (in some sense) preserves formulas.

Proposition 3.25. For every formula ¢ € L, (o) of sort X there is a for-
mula @ € Ly w(0re) of sort X such that for any o structure M in C[H]
we have [|@|]qm) € H(XM) is a strict relation which represents the subobject
{z: o(x)}M of XM.

Proof. We will only give the definition of ¢ (by induction) and we leave it to the
reader to check that [[¢|]4a) has the desired properties. For a more detailed
proof we refer the reader to [11] Chapter 2.2.

First for each function symbol F in F, we let F' be the relation Fy € Rop,
and for each pair of function symbols F' and G of ¢ where F is of type X — Y
and G is of type Y — Z we let G o F be the formula (Fy :Y)F(z,y) AG(y, 2).

In this way we can define, by induction, for each term t in o of type X — Y, a

formula £ of type (X,Y).

e For each sort X € S, we let (ac/:X\y) be ~x (z,y).
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o —

e If R e R, is of type Y and ¢ is a term of type X — Y then R(t(z)) is
By : Y)i(z,y) A R(y).

o If F\G are terms of type X — Y. Then F=Gis 3y : V) (F(z,y) A

G(z,y))

If ¢ and v are formulas of type X then

— o AD(x) is ¢(z) A ()
— PV () is p(z) V ()

— o= () is P(a) = P(@) Az ~x @

If p(x1,...,x,) is a formula of type (X1,...,X,) then

— (Fxy)p(z1,. .., zn) is Tz, : Xi)P(x1, ..o, 20)

= (Vai)e(@r, @) I8 (Njcn iz T ~x; T5) A (Va2 Xo) (@i ~x, @ —

(1, .., Tn))-
O

For a theory T' C L, (o) we define T = {p:9eT} CLyu(ORe) In

particular we have:

Corollary 3.26. For every theory T € L, (o) there is a theory T e Lo w(ORel)
such that for all o structures M in C[H] the following are equivalent:

e MET.

o [[Bllpm) = Taqe) forallp e T.

Corollary 3.26 reduces the problem of deciding whether a ¢ structure in
C[H] satisfies a sentence of L, ., (o) to deciding whether a model of ¢ in (C,H)
satisfies a (closely) related sentence. Hence this reduces the job of counting the
number of ¢ structures in C[H] which satisfy a theory to the job of counting the

number of interpretations of ¢ in (C, H) which satisfy a (closely related) theory.
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4. Definability

In this section we give the extra structure we will need to place on a hy-
perdoctrine in order to be able to characterize, using models in SET, those

collections of interpretations satisfying a theory.

4.1. Definable Hyperdoctrines

The notion of a definable hyperdoctrine was chosen to serve two purposes.
First the definition was chosen to allow us to describe interpretations in SET[H]
via models in SET. Second, the definition was chosen so that many of the
examples of hyperdoctrines which arise naturally in the study of realizability

(including those associated to realizability toposes over PCAs) are definable.

Definition 4.1. We say a psuedofunctor H : SET? — Preorder is definable

if there exists:
e Sets Ay, Fy, Su.
e A partial function'® Oy : Ey x A3y — Ay, along with an element id € Eyy.
e Aset Py = (p; :i € I) of conditions where
— p; = (Bp,, Dp,) and By,,D,, C Ay.
o A set Yy CP(A)P.
such that
(1) Sn S P(Aw).
(ii) Xy is the collection of subsets B of Ay satisfying:

— For some J C Sy, B=JJ.

— For all p;, if By, € B then D,, C B.

14We will use the standard notation O (e,a) | to mean (3b)O3(e,a) = b and Ox(e,a) 1

to mean ~Oy (e, a) |.
15P(A) is the powerset of A.
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(iii) 0, Ay € By (i.e. the empty set and the total set are in Xy ).
(iv) (Va € Ay)Oy(id,a) = a.

(v) For any X € SET, H(X) is the preorder (SET[X,X4], <3(x)) where

a <y (x) B if and only if

(Je € E)(Vz € X)(Va € a(z))Ox(e,a) | AOx(e,a) € B(x).

(vi) For f: X — Y a function between sets, H(f) : SET[Y, 3] — SET[X, X] is
precomposition with f. Le. H(f)(«a) = ao f for any o € SET]Y, X].

Notice that H is completely determined by the sets Ay, By, Sy, Py and
Oy and any such sets satisfying the above determine a psudofunctor. How-
ever, for an arbitrary collection of Ay, F3, Sy, Py and Oy the corresponding

psudofuctore might not be a hyperdoctrine.

Definition 4.2. We say H : SET°? — Heyting is a definable hyperdoctrine
if (SET,#) is a first order hyperdoctrine and the composition of H with the

inclusion functor from Heyting to Preorder is a definable psuedofunctor.

The idea behind Ay, F3, S, Oy and Py are as follows. By (v) of Definition
4.1, in order to define our psudofunctor all we need is to determine 34, C PB(Ay)
and <y (x). We want to define ¥, so that there is a collection, Sy, of subsets
of Ay where every element of 34 is a union of these subsets. However, it turns
out that in some circumstances (see Example 4.6 and Example 4.8) we don’t
want to allow arbitrary unions. Rather we want to allow arbitrary unions sub-
ject to some conditions. In particular the conditions which we will require will
always be of the form “If every element of B, is in our set then so must be every
element of D),”.

This then just leaves the definition of the ordering <3,(x). We want to think
of Ey as a collection of transformations of Ay (via O). For a, 8 € H(X) we
say a <y (x) B if there is a single transformation e € Fy; such that for all z € X,

e transforms all elements of a(z) to elements of 3(z).
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Before we move onto several examples there is one more notion we need. We
say that an definable hyperdoctrine (SET?, H) is k-presentable if | Ay |, | Ex|, | S|
and |Py| < k. We call an Ry-presentable definable hyperdoctrines, countably
presentable. From now on we will let C = SET and (SET,H) will be a defin-

able ky-presentable hyperdoctrines.

4.1.1. Exzamples of Definable Hyperdoctrines

In this section we show that several well known examples of first order hy-
perdoctrines associated with realizability are all definable. We will begin by
reviewing the definition the hyperdoctrine associated to a realizability topos
over a PCA and then giving the structure that witnesses that it is definable.
As the main focus of this paper is realizability toposes over PCAs, for the
other examples of definable hyperdoctrines we will simply give the structure
that witnesses the hyperdoctines are definable and refer the reader to [11] for
the definitions of the hyperdocrines (and a proof that they are hyperdoctrines).
Also, as it is routine to check that the below structures actually witness that
our hyperdoctrines are definable, we leave their verification to the enthusiastic

reader.

Example 4.3 (Realizability over a PCA). Suppose (A4, ") is a partial combina-
torial algebra and let RH(A) be the hyperdoctrine on SET given by

e RH(A)(X) = (SET[X,P(A)],<x) where a <x B if and only if (3a €
A)Vz € X)(Vb € a(x))a-b| and a-b € B(z).

o For a map of sets f : X =Y, RH(A)(f)(x) =z o f.

This is the hyperdoctrine where SETIRH(A)] = RT(A), the realizability topos
on A.
RH(A) is then definable with:

° ARH(A) = ERH(A) = A and ORH(A) (a, b) ~a- b16.

16Here ~ is the relation where either both sides are undefined or both sides exist and are

equal.
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(] SRH(A) = {{a} La e A} and PRH(A) = (Z)
For a more thorough introduction to this hyperdoctrine see [10].

Example 4.4 (Relative Realizability). Suppose (A,-) is a PCA and (A%,) is
an elementary sub-PCA. Let RR(A?, A) be the hyperdoctrine constructed from
A and A% (see [11] Chapter 2.6.9 for the definition). RR(A) is then definable
with:

o App(a#,a) = A, Erpa#, a) = A% and Ogga# a)(a,b) ~a-b.
o Spr(a#,a) = {{a}:a € A} and Pry(a) = 0.

Example 4.5 (Realizability over Ordered PCAs). Suppose (4,-,<4) is an or-
dered PCA. Let OH(A) be the hyperdoctrine constructed from A (See [11] Chap-
ter 2.6.2). OH(A) is then definable with:

o Aona) = Eon(ay = A and Oopay(a,b) ~a-b.
o Sona) = {{b:b<aa}:ac A} and Poyca) = 0.

Notice, because of how Sonay is defined, Xop(a) s the collection of downward

closed sets.

Example 4.6 (Extensional Realizability). Let ER be the hyperdoctrine con-
structed for extensional realizability (See [11] Chapter 2.6.6). ER is then defin-
able with:

e Agr = {(z,y) : 2,y € N}, Egr = N and Ogg(e, (z,9)) ~ ({e}(x), {e}(y))'".
e Ser = {{(z,y)}: (z,y) € A}.
® Prr = Pref U Psym U Pipon where:

— Prey = {(Bref(2,y), Dref(z,y)) © x,y € N} where Bres(z,y) =
{(@,9)} and Dyey(z,y) = {(z,2), (y,9)}

17{e}(x) is the value of the eth computer run on z. Also ({e}(x), {e}(y)) is defined if and
only if both {e}(x) | and {e}(y) |-
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- Psym = {<BsyM($ay)7Dsym($,y)> STy S N} ’th@’I"@ Bsym(xyy) -
{(z,y)} and Dym(2,y) = {(y, 2)}-

):
- Ptran - {<Btran(x7yaz 7Dtran(xay7z)> ST, Y, 2 S N} where Btran(x;yaz) =
{(l‘,y), (y=z)} and DtTan(xvy) = {(m,z)}

In particular, these conditions guarantee the elements of E € Ygr are exactly
the equivalence relations on some subsets of N (the specific subset is {x : (x,x) €

E} CN).

Example 4.7 (Modified Realizability). Let MR be the hyperdoctrine constructed
for modified realizability (See [11] Chapter 2.6.7). MR is then definable with:

o Avr = {(n,0),(n,1) : n € N}, Exr =N and Omr(e, (n,1)) =~ ({e}(n), ).
e Sur ={(n,1): n € N}U{(n,0),(n,1) : n € N} and Pyr = 0.

In particular Xyr consists of exactly those subsets B C N x 2 where if By =
{(n,0) € B:n €N} and By = {(n,1) € B:n € N} then By C B;. In this way

there is a canonical bijection between Svr and Yo from [11] Chapter 2.6.7.

Example 4.8 (Lifschitz Realizability). Let LR be the hyperdoctrine constructed
for Lifschitz realizability (See [11] Chapter 2.6.8). LR is then definable with:

e Arg =J, ELgr = N and Orr(e,n) ~ {e}(n).
e Sir ={{j}:jeJ}.
e Pr= P(i) U P(ii) where
- Py ={{eh{fH:e.feJ and Vs CV.}.
- Py ={{e, f}.{9}) :e.frgeJ and V. UVy =V},
4.2. Characterizing Interpretations by Models in SET
Definition 4.9. Let opg = {DS}U{A,E, 5,0} U{c, :a € Ay} U{c. 1 e €
Ey}U{cs : s € Sy} where DS is (the only) sort, A, E, S are unary relations, O

is a relation of arity three and each c,, c., cs are constants.

We then let Tpg € LKLM(UDS) be the theory which says
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o (Vz:DS)A(z) V E(z)V S(x).

o (Vz:DS)S(x) ¢ (~A(z) A —E()).

o (V2 : DS)A(x) ¢ Ve n, (& = ca).

o (Va:DS)E(r) & V,cp, (x = co).

o (Vo :DS)S(@) & Ve, (0 = co).

o N{O(ce,ca,ct) : Onle,a) L and Oy(e,a) = b.

o AO(cercarcn) : Onle,a) 1 or [Oplea) | and Ople,a) # b}

The theory Tpg has names for each element of A4, E3 and Sy and captures
the action of By on Ay . Further Tpg has a unique model up to isomorphism.

We now show how to characterize an interpretation.

Definition 4.10. If o is a language with a single relation R of type X let
L(or) = opsU{Hx : X € So}U{i(x,,...x,) : Hixy,...x,) = Hx, x---xHx, }U
{Rs, R4} where the Hx’s are sorts and R4, Rg are relations on Hy x DS. We
then let T'(o0r) be the theory which says:

(ii) i(x,....x,) is an isomorphism for all {X1,---,X,} C S,.
(iii) (Vz € Hy)(Ya € DS)Ra(z,a) — A(a).
(iv) (Va € Hy)(¥s € DS)Rs(z, s) = S(s).
(v) (Vz € Hx) Agen,, Ra(®,ca) = Vocses,, Rs(@,5).
(vi) (Vo € Hx) A,cs,, Rs(@,¢5) ¢ [Aaes,, Ra(z;ca)]-
(vil) For cach p € P, (va € Hx)[Aoep, Ra(,a)] = [Aoep, Rala,ca))

Notice T'(or) € L+ o, (L(oR))-
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A model U of T(og) gives an interpretation [-Jys of og in the following way.
First, by (#4) we can associate every sort of the form Hx, . x,.) with Hx, x
-+ x Hx, in a canonical way (which we will do from now on without mention).
We then let [X]yy = HY for every sort X and for each = € [X]y we let [R]y/(z) =
{a:U = Ra(z,cqs)} C A. Tt then follows immediately from Definition 4.1 that
for each x € X, [R]y(z) € Xy and so [R]y € H(X). Under this association we
also have U = Rg(x,s) if and only if s C [R]y(x). In particular this means if
two models of T'(or) have the same restriction to T'(cg — {Rg}) then they are

actually the same model.

Definition 4.11. Let ¢ be a relational language. For each relation R € R,
of type X let or be the relational language with the same sorts as ¢ and
the single relation R of type X'®. Let L(o) = (J{L(or) : R € R,} and let
T(o)=\U{T(or): R € Rs}

From now on U (and its variants) will always represent models in SET which

satisfy a theory T'(o).

Proposition 4.12. There is an isomorphism of categories hy : Mody,5 (T (c)) —
Int(o) with inverse jo : Int(c) — Mody,»)(T(0)). Further if X € S, then for
each model U of T(c) if [Ju = ho(U) then HYE = [X]y.

Proof. For each U = T(0) we define an interpretation [-]; as follows:
e For each sort X € S, we let [X]yy = HY.

e For any relation R € R, of type X we let [R]y : HY — P(Ay) where
[Rlu(z) = {a € Ay : M |= Ra(z,ca)}-

By conditions (v), (vi) of Definition 4.9 for each z € X, [R]y(z) = U{s: s €
Sy and U = Sgr(x,cs)}. Further, by condition (vii) of Definition 4.9 [R]y(z)
satisfies all of the conditions in Pj; and hence [R]y(x) € ¥9. In particular this

means [R]y € H([X]u) and so [y is an interpretation. We let h, (U) = [-]u-

18Notice that if R # R’ then cr Nop = Sop =8

-7
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Now suppose f € Mod, [Uy,Us] (where Uy, Us |= T(0)) and let fx : HY —
Hé”(l be the corresponding map of sort X. Further suppose R € R, is of type
X. Then for all @ € Ay and for all x € HY°, we have Uy = Ra(z,cq) <
U E Ra(fx(z),cqa). Hence for all x € X, H(fx)([Rlu)(x) = {a : U
Ra(z,cq)} = [R]u, (z) and so H(fx)([Rlu,) = [R]u,- But this then means that
(x : X € 8,) € Tut(hy (Uo), o )]

In the other direction if [-] is an interpretation of o let j([-]) = U be the

model of L(c) where:
e For every sort X € S, HZH = [X].

e For every relation R € R, Uy = Ra(x,c,) if and only if a € [R](x) and
U E Rs(z,c,) if and only if s C [R](x).

It is then immediate from the definition of T'(c) that Uy = T'(o). Further it is
immediate that if f : [[|o — []1 then f extends to a map from j,([-]o) to j,([-]1)
in the obvious way.

It then easy to check that h, and j, are inverse functors and hence witness

the isomorphism of the two categories. O

From now for U € Mod,(T'(c)) we will let [-] = hs(U). From the above
argument it is also immediate that the isomorphism of categories between Int (o)

and Mody,(,)(T(¢0)) commutes with restriction.

Corollary 4.13. If 7 Co and U |= T (o) then [lulr = [u..,

4.3. Definability of the Hyperdoctrine Structure

Now that we have a way of associating to each interpretation of ¢ a model
of L(o) in SET, the next step will be to define subsets of interpretations on o

using formulas in Lo, (L(0)). This suggests the following definition.

Definition 4.14. Suppose V is a collection of interpretations of 0. We say a

formula ¢ € Lo o, (L(0)) defines V if

e Mody,() () € Mody ) (T(0)).

28



e For all models U of T(0), U = ¢ if and only if h,(U) € V.

The idea is that a formula ¢ defines V' if the models of ¢ are exactly those

models which correspond, under h,, to interpretations in V.

Definition 4.15. We say a formula ¢ € L ., (L(0)) of type (X,DS) defines a
relation on X if for every U |= T'(o) there is a model U’ = T'(o U{R}) (where
R is a new relation of type (X, DS)) such that:

e U' | (Vo : Hx)(Ya : DS)R(x,a) + p(z,a)
o Z/{’|L(g) =U.

We will abuse notation and let [@)y € H([X]y) where [@ly(z) = {a : U E
Ra(z,c.)}

When we have a formula which defines a relation, we would like to simply
add in a new relation equivalent to the formula and the look at the collection of
those interpretations defined by that new theory. However this runs into a slight
problem in that this collection will not be closed under strong isomorphism (as
the formula only defines a single element of H([X]y)). Fortunately we can fix

this.

Definition 4.16. If ¢ defines a relation let Cl(c, ¢, R) be the theory extending
T(o) which says:

* \ . cp(Vo: X)(Va:DS)R(z,a) — (3b: DS)O(e, a,b) A p(z,b)
® Vicp(Vz: X)(Va: DS)p(z,a) — (3b: DS)O(f,a,b) A R(z,b)
Let V(o, ¢, R) = {[]: jo([]) F Cl(o, ¢, R)}.

Lemma 4.17. V (o, ¢, R) is closed under strong isomorphism and Cl(o, ¢, R)
defines V (o, p, R).

Proof. This follows because Cl(o, ¢, R) says that for any model U, [R]y < [@lu
and [Py < [Rlu- O
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The first (and easiest) examples of collections of interpretations which we

can define are the following.

Definition 4.18. Let Fr, F| be formulas of type (X,DS) where Fr(x,a) &
A(a) and F|(z,a) < 119

That Ft,F)| define relations on X follows immediately from the fact that
0, Ay € 33. We then also have:

Lemma 4.19. IfTr(0,R) = Cl(o, Ft,R) and T (0, R) = Cl(o, F, R) then
e Tr(0,R) defines {[[]: [[] E (Va: X)R(z) + T}.
e T (0,R) defines {[']: ['] E (Va: X)R(z) + L}.

Proof. This is because V (o, Fr, R) = {[] : [[]| F [R] Zst Tyx)}and V (o, FL,R) =
{01 PR =ae Laux) }- O

Next we show we can define <.

Definition 4.20. Let Ry, R; € R, be relations of type X and let T< (o, R, R')
be the theory extending T'(c) which says

o \ocp(Va: Hx)(Ya : DS)RY (x,a) — (3a’ : DS)O(ce,a,a’) A Ry (z,d’).
Lemma 4.21. T<(o, Ry, R1) defines {[-] : [Ro] < [R1]}.

Proof. This is immediate from the definition < in definable hyperdoctrines. [

4.4. Simple definable Hyperdoctrines

Unfortunately being a definable hyperdoctrine does not guarantee enough
structure to define all of the internal operations of a hyperdoctrine using formu-
las of L. In this section we define the notion of a simple definable hyperdoc-
trine (i.e. one which does have enough structure) and we show that in the case

of realizability toposes over PCAs the corresponding hyperdoctrines are simple.

197 e. it never holds
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Definition 4.22. We say a k-presentable definable hyperdoctrine H is simple

if there are sentences of £+ ,, where:.

(A) Ta(o, Ro, Ry, R*) defines {[] : [] = (V& : X)R*(z) > Ro(z) A Ry (2)}.
(V) Ty (0, Ro, Ry, R*) defines {[] : [] = (V& : X)R*(z) > Ro(z) V Ry (2)}.
(=) T (0, Ro, Ry, R*) defines {[] : [] = (Vo : X)R*(2) > [Ro(z) — R1(z)]}.

(3X) Tiay)(o, Ro, R*) defines {[] : [] = (Vo : X)R*(z) > [(3y : Y)Ro(z,y)]}-

(VX) Tivy)(o, Ro, B*) defines {[] : [] = (Vo : X)R*(z) > [(Vy : Y)Ro(z,y)]}.

From now on (SET, H) will always be a simple definable hyperdoctrine. The
following is the most important result of Section 4. It tells us that in simple
definable hyperdoctrines we can define those interpretations which satisfy a

given sentence.

Lemma 4.23. Let o be a relational language. Then the collection of interpre-

tations of oy which satisfy Mor, is definable by a En;,w(L(UMOT)) sentence.
Proof. Let Th§,,, say:

e Tr(opor, R7) and T\ (o pror, R1).

o T (onor, @, Rg) and T<(opor, Rg, Q) for every relation € R

O Rel *

e For every pair of formulas vy, ¥, of type X in Mor,:

— Tx (OMOT’ me Rllu ) Rwo/\lh)'
— Ty(omors Ry Ry Rygvap, )

- T—>(JMOT7 Rwoa R¢1 ) Ril)o—ﬂ/ll )

e For every formulas 1 of type (X,Y) in Mor,:

— Tax(onmor, Ry, R(3a:x)p)-

— Tyx (0Mor, Ry, Reva:x)w)-
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Now by Lemma 4.21, Lemma 4.19 and Definition 4.22 we see Thq,,, classifies
Noertor, A[1: [T E 0} =A{l]: [ F Mors}. O

Corollary 4.24. For eachT C L, (o) there is a theory ThY,,.(T) € Lﬁ;ﬁ,w (L(oaor))
which defines {['] : [[] E Mor, UT?}

Proof. We let Th$,,,.(T) = ThS,,, U{Tr(0,R,): ¢ € T}. O

4.4.1. Examples
Not surprisingly many of the examples in Section 4.1.1 turn out to be sim-
ple. However as we will only focus on realizability toposes over a PCA we will
prove the hyperdoctrines RH(A) are simple and leave the other examples to the
enthusiastic reader.
Before we begin recall that in any PCA, (A, -), there are elements m, my, ms
such that (a,a’) — (m-a)-d’ is an injection with left inverse a — (my -a, mg-a).

Also recall (or see [10] p. 268)

Lemma 4.25. For &g, P, € H(X),
e Do NP Xy dx e X{(m-a)-d :a€ Py(x)Nd € Py(x)}
e DoV g Ar e X{(m-m1)-a:ae Dy(x)U{(m-ma)-a :d € ®1(2)}
e &y - D1 =2y Ar e X{a: (Vbe @p(z))a-bl anda-b e D1(x)}

and for ® € H(X xY)
o (FY)xP =y Av € X.J,ey (2,y)
o (VW)x® =y Av € X.(),cy O(z,y)

Example 4.26. For R°, R' € R, of type X we define the following formulas:
o DA(RY, RY)(z,a) is the formula of type (Hx, DS) equivalent to:

(3,8, - DS)[O(m, b,b') A OW, b, a)] A RS (x,b) A RY (2, )
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e D, (R° RY)(x,a) is the formula of type (Hx, DS) equivalent to:
(36,0 : DS)[RY (,b) A O(m,m1,b') AO®W',b,a)]V
[RY(x,a") A O(m,ma,a”) ANO(a”,d,a)]
e D_(R° RY)(x,a) is the formula of type (Hx, DS) which is equivalent to:

(Vb : DS)RY (x,b) — (30" : DS)O(a, b,b') A Ry (z,V)

and for R € R, of type (X,Y) we define the following formulas:

o D@y (R)(z,a) is the formula of type (H x yy, DS) equivalent to (Jy :
Y)AR(LU,y,CL)

¢ Dwy)(R)(z,a) is the formula of type (H xyy, DS) equivalent to (Vy :
Y)AR(J:’Zha)

The following lemma is then immediate as all of these functions were designed

to capture the corresponding operations from Lemma 4.25.

Lemma 4.27. We have

o V(0. DA(Ro, Ri). BY) = {[]: [ (Va : X)R*2) & [Ro(x) A Ba ()]}
o V(0. Dy(Ro, Ri). B) = {[]: [] F (Va : X)B*z) > [Ro(x) v B ()]}
o V(0. Do(Ro, Ba), BY) = {[] 1 [ | (V2 : X)R*(x) ¢ [Ro(x)  Ra ()]}
o V(0. Daax)(R).R) = {[]: [ £ (Vg : VIR (9) & (32 : X)R(x,9)}

o V(0. Do) (R).R) = {[]: [ £ (Vg : YIR*(9) & (va : X)R(x,9)}

Corollary 4.28. RH(A) is a simple hyperdoctrine.

Proof. This follows immediately from 4.17. O
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5. Size of Objects

5.1. Size Of The Underlying Set

Looking at the construction of SET[H] from (SET, H) we see that a natural
candidate for the notion of the size of an object (X, ~x) is just the size of X.
Unfortunately this notion of size has the serious drawback that not only is it not
closed under isomorphism, but for every (X, ~x) there are isomorphic objects

with arbitrarily large underlying sets.

Lemma 5.1. Suppose (X,~x) € SET[H]. Then for each set r there is an

object (X X Kk, ~%) which is isomorphic to (X, ~x).

Proof. Let ~% ((z,i),(z,j)) =~x (x,2’). Then functions F({(z,i),y) =~x
(z,y) and G(y, (z,i)) =~x (y,z) are then easily seen to be inverses of each

other. O
This leads to the following definition.

Definition 5.2. We say (X,~x) € SET[H] is k-generated if there is an
(X', ~x/) such that |X'| = k and (X,~x) = (X',~x/). We say (X,~) is

countably generated if it is Ny-generated.

As we will see, being countably generated turns out to be a very natural no-
tion from the point of view of descriptive set theory. It is also worth mentioning
that if an object is x generated it is also k' generated for all & > x (by Lemma
5.1).

Of course the natural example of an object we would hope would be count-
ably generated is the natural number object in SET[H]. And, at least in the

case of realizability toposes over PCAs this is the case.

Lemma 5.3. Suppose (A,-) is a PCA and Ny is a natural number object in

RT(A). Then Ny is countably generated.

Proof. Let {m : n € N} be the Curry numerals in A. Then (N, ~4) is a natural

number object where ~4 (n,m) = {7 : n =m} (see [11] p. 268). O
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5.2. Relative Size

Our second notion of size is a relative one. Instead of determining the size
of an object outright we will instead say when the size of one object is “bound”
by the size of another. In this way, if we have an object which is in some sense
canonically countable (like say the natural number object) then we can think of

all those objects whose size is bound by it as also being countable.

Definition 5.4. Suppose A € C[H]. We say an object B € C[H] is monic
bounded by A if there is a monomorphism m : B — A in C[H].

Lemma 5.5. If A € SET[H] is k-generated and B € SET[H] is monic bounded
by A then B is k-generated.

Proof. This follows immediately from Lemma 3.7. O

A disadvantage the notion of monic bounded has over the notion of begin
k-generated is that the size of an object is no longer a cardinal. However an
advantage of the notion of monic bounded is that it is closed under equivalences
of categories (whereas being k-generated is not).

We end this section with the observation that we could have used epimor-
phisms to compare the size of objects and obtained a similar notion of A being
epi bound by B (i.e. there is an epimorphism from B to A). However we do not
consider this notion here as there is no (obvious) way to guarantee an object
which is epi bound by a countably generated object will be countably gener-
ated (and the techniques used in this paper to count the number of countable
models of a theory only work if the models we are looking at are all countably

generated).

6. Number of Countable Models

We are now, finally, ready to prove the main results of this paper.
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6.1. Countably Generated Models
Definition 6.1. We say a o structure M in SET[H] is k-generated if for every
sort X € S,, XM is a rk-generated object.

From now on H will be countably presented and all languages will be count-

able.

Lemma 6.2. There is a surjection f, from the objects of Mody,((og.,)r0n) (Th3f5E)

to Str,(SETIH)).

Proof. We let fo(M) = p(hoy (U)|om,)- -

1%

Lemma 6.3. The equivalence relation Uy =cp) Ur if and only if fo(Uo)

foUr)” is a PC,, equivalence relation.

Proof. By Lemma 3.11 we know f,(Up) = f,(Uy) if and only if there is a oy,
structure I in SET[H] where I |= Thiso(0), 15, = fo(Uo) and I,, = fo(U1).
However such an I exists if and only if there is an interpretation of []; of
(diso)ret where [11 = Thizy and [11](o0) per = Poasor Uo)lones a0 [1r](o)) s =
hopiorU1)|op., (Where this equality is after the obvious association of o; with
o).

But this last statement holds if and only if there is some ((0is0)Rel) Mor

model ISET which satisfies MOT(Uiso)Rel (ﬁzso) and ISET‘L((O'U)RQZ) = Z/{O and

ISET|L((JI)Rel) = U,. Hence =0[H) is PC,,. O

Proposition 6.4. For anyT C L, (o) and anyU € Mod,,,),,,, the following

are equivalent:

(1) feU) =T

(2) U = T (D)
Proof. By Corollary 4.24 (2) is equivalent to the statement that h,(U) =
Morg,., UT which is in turn equivalent to the statement that hy(U)|sp., =T

(as Mory,,, is a conservative extension of the empty theory for interpreta-

tions). But we also know by Proposition 3.25 that hy(U)|e,,, = T if and only
if [fo(U) =Ip(hoU)op.) E T O
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Lemma 6.5. For every model U € Mody, (ThSor)s fo is countably

ORel)Mor)

generated if and only if U is countable.

Proof. This follows from the fact that the sorts of o and (o re;) aror are the same

and for every such sort X we have X/o) = (HY ~) for some ~. O
This then gives us the following very important corollary.

Corollary 6.6. There is a bijection between isomorphism classes of countably

generated o-structures in SET[H] that satisfy a theory T and =gprpy equiva-

ORel (T

lence classes of countable models of (0 get) mor which satisfy Thjs (T) in SET.

Theorem 6.7. If (SET,H) is a countably presented simple definable hyperdoc-
trine then for any theory T C L, (o) one of the following holds:

e There is are continuum many countably generated models of T in SET[H]

(up to isomorphism.)

e There are at most X1 many countably generated models of T in SET[H]
(up to isomorphism,).

Proof. We know that =ggrpy) is a PC,, equivalence relation and Th{f:! (1) €

Lo, w(L((0Re1) mor)) s0 by Corollary 2.7 there is either a perfect set of =gy

inequivalent models in SET satisfying Thﬁo;(T) or there are at most N; many

=seT[x) inequivalent models in SET satisfying T h‘fvﬁjﬁ(f)
But by Corollary 6.6 the number of isomorphism classes of countably gen-
erated models in SET[H] which satisfy T is the same as the number of =gy

equivalence classes of models satisfying Thjf<.(T*) in SET. O

Corollary 6.8. If (A,-) is a countable PCA then for any theory T C Ly, (o)
one of the following holds:

e There is are continuum many countably generated models of T in RT(A).

e There are at most Xy many countably generated models of T in RT(A).
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6.2. Bound Models

We will now show that Morley’s theorem holds for monic bound models as
well. In this section let (B,~7) be a countably generated element of SET[H].

Our first step will be to characterize (B, ~5).

Proposition 6.9. The collection of U € Mody,)(ThS,,,) such that fo(U) is

monic bound by (B,~p) is a PC,, class.

Proof. Let c™ = c U{B}U{fx : X — B for each sort X € S,} where B is
a new sort. Let Bound,, (o) C L., (c™) be the theory which says “Every fx
is monic” (note that this can be expressed in L, ,,(¢™) by Lemma 3.5). The

following are then equivalent for any ¢ € Mody,-)(Thg;,,)-
(1) f»(U) is monic bound by (B, ~%).
(2) There is a 0™ structure M in SET[H] such that M |= Bound,, (o), BM =
(B,~) and Ml, = f,).
(3) There is a model U* = Th}f\%;(Bo@(a)) where U™ |1,((opo)aror) = U,
HY" =B and [~py- =~5 (where Pomtyrror = []ee=)-

Now consider the language 75 = (07,)mor U {cy : b € B} (where each ¢, is a

constant) and the sentence ¢ which says
(i) (Vo : B)\,cg(r = cp) and /\bo,bleﬁbo;‘éb1 Chy F Cby -
(“) /\{(NB)A((Cboa Cb1),ca) rac A’Ha (bOa bl) € E X E and a €~p (b07b1)}'

(i) says we have a constant for each element of B and the sort B consists
of exactly those constants (no two of which are equal). (i7) then characterizes
the relation ~p so that when B is interpreted as B then ~p must be ~5. In

particular this means that (3) above is equivalent to

(4) There is a model U* = Th;%;(BoM(U)) A pp where U*|1((op.)
U.

Mor) —

But this then implies the collection {U/ : f,(U) is monic bound by (B,~%)} is
PC,,. O
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We then have the following immediate consequence:

Theorem 6.10. If (SET,H) is a countably presented simple definable hyper-
doctrine and B is a countably generated element of SET[H] then for any theory
T C L, (o) one of the following holds:

e There is are continuum many models of T in SET[H] which are monic

bounded by B.

e There are at most Xy many models of T in SET[H| which are monic

bounded by B.

Proof. This follows immediately from Lemma 2.8, Lemma 6.3 and Proposition

6.9. O

Corollary 6.11. If (A,-) is a countable PCA and RT(A) is the realizability
topos over (A,-) then for any theory T C L, ., (c) one of the following holds:

o There is are continuum many models of T in RT(A) which are monic

bounded by B.

o There are at most Xy many models of T in RT(A) which are monic bounded

by B.

7. Miscellaneous

7.1. Absoluteness

In this section we observe that in Theorem 6.7 which of the two cases occurs

is independent of the model of set theory. Specifically we have:

Proposition 7.1. Suppose SETy, SET, are standard?® models of ZFC and let
A E.S5,0,P C SETy N SET, come from a psuedofunctor. Denote by Ho and
Hy the corresponding psuedofunctors in SETy and SET) respectively. Further
suppose (SETy, Ho) is simple in SETy, (SET1,H1) is simple in SET, and the

20By a standard model we mean a subclass X of SET where (X, €) = ZFC
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same formulas witness this in both models of set theory. Then the following are

equivalent.

o There is a perfect set of reals in SETy each encoding a countably generated

model of T in SETo[Ho].

e There is a perfect set of reals in SET each encoding a countably generated

model of T in SET)[H;].

Proof. Notice the same PC,, formula defines =gg1 3, and =ggt,[3,) and

Th3fel(T) is the same formula in both of these contexts. Hence the result

follows from Corollary 2.7. O

Corollary 7.2. If (A,-) is a PCA and SETy, SET; are standard models of ZFC

containing A then the following are equivalent for any theory T .

e There is a perfect set of reals each encoding a countably generated model

of T in RT(A)SFTo,

e There is a perfect set of reals each encoding a countably generated model

of T in RT(A)%ET:.

7.2. O(T)-Valued Sets

Up until now all of the hyperdoctrines we have considered have been moti-
vated by some form of realizability. In this section we will consider a different
type of hyperdoctrine, one that comes from the H-valued sets for a Heyting
algebra H. The category of H-valued sets, which is equivalent to the category
of sheaves on H, were originally introduced by Higg and were studied in [2]
by Fourman and Scott. Further one of the original motivations for the PER
construction was to find a common generalization of the category of H-valued
sets and the effective topos (see [10]).

In this section we show that for any topological space T, the hyperdoctrine
from which we obtain O(T)-valued sets (where O(T') is the collection of open
sets of T') is both simple and definable. This will then allow us to deduce Mor-

ley’s theorem for O(T)-valued sets (for certain T).
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We now consider the hyperdoctrines, HS(O(T')), associated with O(T)-

valued sets. For a more thorough treatment see [10].

Example 7.3 (O(T)-Valued Sets). Suppose T is a topological space with open
sets O(T') and a basis B(T). Let HS(T) be the hyperdoctrine on SET given by

e HS(T)(X) = (SETIX,0(T)],<x) and o <x p < (Vz € X)a(z) C p(z).
e For a map f € SETIX,Y], HS(T)(f)(z) =z o f.
Then HS(T) is the definable with:
o Augry =T and Eyg(ry = {id} (s0 Oug(ry is trivial).
 Sus(r) ={s:s€ B(T)} and Pug(r) = 0.

The only non-trivial part to check of the above definition is that a <x g if
and only if (Vz : X)a(x) C B(z). But this is because the only element of Egg(r)
is the identity map.

In particular if T' is countable and second countable then HS(T') is countably

presentable.
Lemma 7.4. HS(T) is simple.

Proof. For R°, R' € R, of type X we define the following formulas of type
<Hx, DS>

e D,(R° RY)(z,a) & RY(x,a) A RY(z,a).
e Dy(R° RY)(z,a) & RY(x,a) V RY(z,a).
o DL (R, R, c0)  Vacacsyons, Aocs “RY (@, 00) A RY (2.c1).
and for R € R, of type (X,Y) we define the following formulas of type (H x yy, DS):
* Day)(R)(x,a) & (Jy : Y)Ar(2,y,a).

b D(VY) (R)(SC, Ca) ~ \/s:aESESHS(T) /\bGs(Vy : Y) € AR({L‘7y, cb)’
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The following claim then follows as the Heyting algebra structure on HS(T)(X)
is calculated pointwise?! and for ® € H(X x Y)

o (BY)x® =y Az € XV, 0y B(,y).
o (VY)x® 2y Az € X\ oy B(z,y).

Claim 7.5. We have
o V(0o,DA(Ro, R1), R*) ={[]: [] = (V& : X)R*(z) > [Ro(x) A Ra(x)]}
o V(o,Dy(Ro, R1), R*) ={[]: [] = (V& : X)R*(z) ¢ [Ro(x) V Ra(x)]}
o V(o,D(Ro, R1), R*) ={[]: [] = (Vo : X)R*(z) <> [Ro(z) — Ri(x)]}
o V(o, Day)(R)(z,a), R*) ={[]: [] E (Vo : X)R*(2) <> (3y : Y)R(z,y)}
o V(o,Dwy)(R)(z,a), R*) ={[]: [] = (V& : 2)R*(2) > (Vy : Y)R(z,y)}

As a result HS(T') is a simple hyperdoctrine (because by Lemma 4.17 each of

the above collections is definable). O

Before we state the main result of this section we will make a couple of

observations. First the following follows immediately from [2].

Lemma 7.6. Let i be the equivalence of categories mentioned in [2] between
O(T)-valued sets and sheaves on B(T'). Then following are equivalent for any
O(T)-valued set (A, ~4).

o (A, ~4) is countably generated.

e (A, ~4) has a countable subseparated presheaf. Le. there is a subseparated
presheaf which, when considered as a functor F : B(T)°? — SET has
|Usen(r) F'(S)] countable.

21In particular the only non-trivial connective on sets to consider is A — B which is the

interior of (T'— A) U B.
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In [1] we called a sheaf which satisfied the above a “countably generated”
sheaf and we called a sheaf which was monic bound by the natural numbers

object monic countable.

Corollary 7.7. If T is a countable topological space with a countable basis

B(T). Then the natural number object Nt is countably generated.

Proof. This is because in the category of sheaves on T' (and hence also in the
category of O(T)-valued sets) the natural number object is the colimit of w

many copies of the terminal object. O

The following is then immediate from Theorem 6.7, Theorem 6.10,

Corollary 7.7 and Lemma 7.6.

Proposition 7.8. If T is a countably topological space with a countable basis

B(T) then for any theory Th in a countable language we either have:

e There is are continuum many countably generated models of Th in the

category of sheaves on B(T).

e There are at most X1 many countably generated models of Th in the cat-

egory of sheaves on B(T).
and we also either have

e There is are continuum many monic countable models of Th in the cate-

gory of sheaves on B(T).

e There are at most Ry many monic countable models of Th in the category

of sheaves on B(T).

This is an improvement on the main result of [1], in that it allows us to
remove the determinacy requirement from the statement of the theorem (at

least for topological spaces of the above form).
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