2-NILPOTENT REAL SECTION CONJECTURE

KIRSTEN WICKELGREN

ABSTRACT. We show a 2-nilpotent section conjecture over R: for a geometrically connected
curve X over R such that each irreducible component of its normalization has R-points,
7o (X(R)) is determined by the maximal 2-nilpotent quotient of the fundamental group
with its Galois action, as the kernel of an obstruction of Jordan Ellenberg. This implies
that for X smooth and proper, X(R)* is determined by the maximal 2-nilpotent quotient
of Gal(C(X)) with its Gal(R) action, where X(R)* denotes the set of real points equipped
with a real tangent direction, showing a 2-nilpotent birational real section conjecture.

1. INTRODUCTION

Grothendieck’s section conjecture predicts that the rational points of hyperbolic curves
over finitely generated fields are determined by their étale fundamental groups. Let X de-
note a geometrically connected, finite type scheme over a characteristic 0 field k, equipped
with a geometric point b : Spec Q — X. Let k denote the algebraic closure of k in Q. There
is a canonical lift of b to X;; = X Xgpeck Spec k and an exact sequence of étale fundamental
groups

(1) 1= m(Xg,b) = m(X,b) = Gy — 1,

where G, = Gal(k/k) is the absolute Galois group of k, and all fundamental groups are
based at the geometric points naturally associated to b [SGAI, IX Thm 6.1]. A rational
point x : Speck — Xinduces a map 7t;(x) : Gx — (X, x), where 71; (X, x) denotes the étale
fundamental group of X based at the geometric point Spec k — Speck — X associated to
x. View x and b as geometric points of Xy and choose a path between them, giving a path
between x and b in X and an isomorphism m; (X, x) = m;(X, b) respecting the projections
to Gx. Composing m; (x) with this isomorphism 7; (X, x) = (X, b) produces a section s :
Gy — m (X, b) of (1), and a different choice of path will change the section to g — As(g)A™
for some A in m; (Xi, b). Sections obtained from s in this way are said to be conjugate. Let
S, (x/k) denote the conjugacy classes of sections of (1), and let X(k) denote the set of k-
points of X. Given X and b as above, let k be the map

K X(k) — 87-[1 (X/k)

just constructed. For X a smooth, proper curve of genus > 1 over a finitely generated
tield, Grothendieck’s section conjecture, which is unknown, is that « is a bijection.
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For k = R, the map « factors through m;(X(RR)), and the real section conjecture, saying
that

K : 0o(X(R)) — 8z, /)

is a bijection is proven, but non-trivial [Moc03] [Sul05] [Mil84] [Car91] [P4l11]. This paper
proves a 2-nilpotent real section conjecture, determining 7o(X(RR)) from the maximal 2-
nilpotent quotient of 711 (X¢) with its Gg-action.

For a (profinite) group m, let m = [n]; > [71], > [n]; > ... denote the lower central series
of i, i.e. [y = [[mtly, ] (respectively [n],1 = [[7t],, 7)) is (the closure of) the subgroup
generated by commutators of elements of [n],, and 7. Pushing out (1) by the quotient
(X, b) = m(Xg, b)/Im (Xg, b))l yields an exact sequence

(2) 1 — S| (X@b)/[ﬂ] (Xiyb)]n — T (X,b)/[ﬂ] (Xg,b)]n — Gk — 1.

Let k* be the map taking a k-point x of X to the section of (2) for n = 2 determined by
K(x).

Define curve to mean a pure dimension 1, finite type scheme over a field. A curve X
over k will be said to be based if it is equipped with a choice of a geometric point whose
image is a k-point of X or which is associated to a k-tangent vector based at a smooth
point of a compactification of X as described in 2.1. The complex analytic space X(C)
associated to a based curve X over R has a distinguished point or tangent vector based
at a smooth point of a compactification, allowing us to apply the topological or orbifold
fundamental group functors to X(C) or X(C)/Gg, giving maps k and k* as above. This is
also discussed in 2.2.

In the following theorem, X is a based curve over R, 7 denotes either the étale or topo-
logical fundamental group of X¢ or X(C) respectively, and m;(X) denotes either the étale
or orbifold fundamental group of X or X(C)/Gg respectively.

1.1. Theorem. — Let X be a geometrically connected, based curve over R, such that each irreducible
component of its normalization has R-points. Then «*" is a natural bijection from 5(X(R)) to
conjugacy classes of sections of

1 — 7/[n]; = m(X)/[n); = Gg — 1

which lift to sections of
1— 7'(/[7'(]3 — 7'[1(X)/[’7T]3 — GR — 1.

Note that the assumption that X is based gives (1) a splitting, and that this implies that
Theorem 1.1 says that the 2-nilpotent quotient 7t/[7t]; of 7w with its Gg-action determines
the connected components of X(R). The real section conjecture shows that 7t with its Gg-
action determines the connected components of X(R) when the topological space X(C)
is a K(7t, 1), which is the case precisely when no component of the normalization of X¢
is P! — see Remark 3.15. The proof of Theorem 1.1 given below is independent of the
real section conjecture, although assuming it, one would be saved the trouble of proving
Proposition 3.10.



For X smooth and proper, Theorem 1.1 applied to smaller and smaller Zariski opens
of X shows that X(R) is determined by the maximal 2-nilpotent quotient of the absolute
Galois group of the function field of X¢ with its Gg-action. More specifically, for a geomet-
rically integral curve X over k, and a field extension L/k, let L(X) denote the function field
of X;. For a smooth, proper, connected, based curve X over R, let X(R)* denote the set of
real points of X equipped with a real tangent direction, i.e. a vector in the tangent space
of the smooth T-manifold X(R) up to scaling by elements of R.,. The notation X(R)* is
meant to indicate that after orienting X(RR), the two tangent directions associated to each
element of X(R) consist of the direction distinguished by the orientation and its negative.
For any Zariski open U of X, there is a map X(R)* — mo(U(R)) given by taking a tangent
direction to the connected component it is pointing towards. Note that the resulting map
XR)* — im | mo(U(R)) is a bijection. It follows that a corollary of the 2-nilpotent real

section conjecture is that X(R)* is determined by Ggx)/[Gcix))s — G-

1.2. Corollary. — Let X be a smooth, proper, connected curve over R equipped with a chosen
element of X(R)* # (. There is a natural bijection between X(R)* and the conjugacy classes of
sections of

1 = Ge/[Gepla = Gr/[Gepla = Gr — 1
which lift to sections of

1 — Gew/[Gexls = Grix/[Gexls — Gr — 1.

Corollary 1.2 is shown as Corollary 5.1 in section 5.

Let G = Z/2 and EG denote a contractible topological space with a free action of G. For
a sufficiently well-behaved topological space Y with a G-action, e.g. Y a G-CW complex,
let Map(EG, Y) denote the function space of continuous maps EG — Y equipped with
the G action given by gf = gfg~'. The homotopy fixed points of G on Y are defined
Y"G = Map(EG, Y)¢ and there is a canonical map Y¢ — Y"C from the fixed points to the
homotopy fixed points induced by the G-equivariant map from EG to the point.

Let 8., (v/c) denote the conjugacy classes of sections of
3) lom—-mY)—-G—1

where 7 denotes the topological fundamental group of Y, based at some point not in-
cluded in the notation, and 7t;(Y) denotes the orbifold fundamental group, which can be
identified with the topological fundamental group of EG x¢ Y or with the group of au-
tomorphisms of the universal cover of Y lying over an automorphism of Y induced by
an element of G. There is a natural map 7(Y"®) — 8, (v/g), which is a bijection if Y is a
K(m,1).

For X a geometrically connected, finite type scheme over R, the map «k for the étale
fundamental group is the composition
(4) To(X(C) %) = To(X(C)"%) = Sy x(0)/62) = Smx/m)

where the last map is induced by the canonical isomorphism from the profinite comple-
tion of (3) to (1) [SGAI XII Cor 5.2], and the map « for the topological fundamental group
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is the composition of the first two maps of (4). For X(C) a K(7, 1), as in the section conjec-
ture, the second map is a bijection.

The Sullivan conjecture [Sul05], proven by Miller [Mil84], Dwyer-Miller-Neisendorfer
[DMN89], Carlsson [Car91], and Lannes [Lan92], shows that the first map of (4) is a bijec-
tion. Precisely, it says that the natural map from the p-completion of the fixed points to
the homotopy fixed points of the p-completion is a weak equivalence for a finite p-group
G acting on a finite G-CW complex. In particular, applying 7o to Y6 — Y"C, as in the first
map, is a bijection for G = Z/2 acting on a finite G-CW complex Y [Car91, Theorem B (a)].
So if one overlooks the map 8, x(c)/Gx) — Sm(x/r) cOming from the map 7 — 7 from 7t to
its profinite completion, or if one considers «k for the topological fundamental group, the
real section conjecture is 7, of Sullivan’s conjecture applied to a K(7, 1). Also see [Pall11]
for a nice proof of the real section conjecture in the étale and topological case which does
not appeal to Sullivan’s conjecture.

It is not true in general that Sullivan’s conjecture holds for the infinite symmetric prod-
uct of a finite G-CW complex, nor that

(5) To((Sym™ Y)€) — 7((Sym™ Y)"€)

is a bijection. The 2-nilpotent real section conjecture is proven by showing that for Y =
X(C) with X a real based algebraic curve such that each irreducible component of its
normalization has R-points, the map (5) is a bijection. This is the content of Proposition
3.1. Literally, Proposition 3.1 and Proposition 3.7 show that

70 ((Sym™ X(C))€*) — 715((Sym™ X(C))"®) — Sy ((8ym= X(C))/Ga)

is a bijection, but it is straight-forward to see from the Dold-Thom theorem and the spec-
tral sequence H'(Gg, 71;(Sym™ X(C))) = m_(Sym* X(C))"® [BK72, IX §4] that the second
map is injective. Proposition 3.1 is shown by reducing to the case of a smooth curve and
using the generalized Jacobian for which the map from fixed points to homotopy fixed
points is a bijection on 7, — see Proposition 3.10.

The connection between (5) and Theorem 1.1 is that 7o((Sym™ X(C))"¢®) is naturally
identified with the conjugacy classes of sections of

1 —)7'(/[7'(]2 —)7'[1(X)/[’7T]2 — GR — 1.

The obstruction to lifting such a section to the two-nilpotent sequence is a quadratic form
studied by Jordan Ellenberg as an obstruction to rational points of a curve’s Jacobian lying
in the image of an Abel-Jacobi map [EII00], and also studied by Zarhin [Zar74]. Theorem
1.1 was guessed by Jordan Ellenberg in the proper, smooth case, as he told me after I had
observed it held in several examples, and it can naturally be expressed in terms of his
ideas in [EII00]: a smooth based curve embeds into its generalized Jacobian by its Abel-
Jacobi map. Those rational points y of the Jacobian which are the image of a point of the
curve satisfy the condition that k(y) lifts to a section of (1) where X denotes the curve.
Filtering 7t;(Xc) by its lower central series provides a series of obstructions, the first of
which is the quadratic form, here denoted &, and discussed in §4.
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We give a topological interpretation of Ellenberg’s point of view in Section 6, construct-
ing a diagram of finite Gg-CW complexes

(6) Alb,

A

X(C) — Alb,

for an arbitrary geometrically connected curve X over R with a chosen real base point,
such that Alb, is a K(7t;(X(C))/[m (X(C))]3, 1), Alb; is a K(m (X(C))/[m (X(C))l2, 1), q is
a fiber bundle, and all maps induce the obvious quotient maps on topological funda-
mental groups. Sullivan’s conjecture gives an equivalence between Theorem 1.1 and the
statement that the connected components of the real points of the curve are those of the
abelian approximation Alb; which can be lifted to the 2-nilpotent approximation Alb,.
See Theorem 6.5.

Relation to other work: Grothendieck’s section conjecture is part of his anabelian
conjectures predicting that certain schemes are determined by their étale fundamental
groups. Birational variants of the anabelian conjectures replace 7$* by the absolute Ga-
lois group of the function field. There has been considerable work describing varieties
using small quotients of their fundamental groups or the Galois groups of their func-
tion fields. Pop has shown a meta-abelian birational section conjecture over p-adic fields
[Popl0a]. Bogomolov and Tschinkel developed an approach to recognize the function
field of certain varieties using the 2-nilpotent quotient of the absolute Galois group. Work
of Bogomolov, Pop, and Tschinkel shows that it is possible to recover the function field
of certain varieties of dimension > 2 over algebraically closed fields from the 2-nilpotent
quotient of the absolute Galois group [Bog91b] [Bog91a] [BT02] [BT08] [Pop10b] [Pop12] -
see [BT12] and [Pop11] for more discussion. There is also interesting work limiting when
such minimalistic anabelian results can hold. Yuichiro Hoshi has found examples where
any section of a pro-p homotopy exact sequence of the Jacobian lifts to a section of a pro-p
homotopy exact sequence of the curve [Hos10].

Acknowledgments: I wish to thank Jordan Ellenberg for sharing [El00] with me and
for suggesting that [GHS81] could be used to prove the main result of this paper in the
smooth, proper case. I also wish to thank Gunnar Carlsson for recognizing the connection
between this problem and Sullivan’s conjecture. It is a pleasure to express my deepest
gratitude and admiration to both Carlsson and Ellenberg. I thank an anonymous reviewer
of a previous version of this paper for Lemma 4.2 and other helpful suggestions. I would
also like to thank Florian Pop for suggesting that Theorem 1.1 could be used to show a
birational result, as well as for many helpful comments.

2. PRELIMINARIES

2.1. Review of tangential base points. It is convenient, and necessary for section 5, to al-
low fundamental groups of curves to be based at tangent vectors at smooth points of
compactifications. For the topological fundamental group, this is accomplished by not-
ing that the fundamental group can be based at an inverse system of simply connected
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subsets and that a tangent vector determines such a system [Del89, Intro p 85 and §15].
For the étale fundamental group, a tangential base point can be defined as follows [Del89,
§15] [Nak99]. Let X and X be geometrically connected curves over a characteristic 0 field
k, with X proper and X C X an open immersion. Let x € X(k) be a smooth point, so in
particular, x could be a smooth point in (X — X)(k).

A local parameter z at x gives rise to an isomorphism @Kx — kl[zl], where @Kx denotes
the completion of the local ring of x. The field of Puiseux series

k((2%)) = Unez_ok((2"™))
is algebraically closed, and the composition
Speck((z9)) — Speckl[z]] = Spec Og, — X

factors through the generic point of the component of X containing x, thus defining a
geometric point of X. This geometric point is said to be associated to the tangent vector

Speckl[zll/(z*) — X,

given by the local parameter z. A path between geometric points is a natural transfor-
mation between the associated fiber functors. For any two geometric points associated
to the same tangent vector, there is a Gy-invariant path between their canonical lifts to
geometric points of X, justifying the nomenclature.

2.2. k for based spaces. For a topological space Y with a G-action, equipped with a G-fixed
base point, there is a map

K : (YY) = H'(G, )
consistent with k as defined in the introduction, where 7t denotes the fundamental group
of the based space Y, defined by sending y € Y© to the twisted homomorphism

(7) g7y (gy)

for all g € G, where v is a path from the base point to y, and composition in the fun-
damental group is written so that y~'(gy) is the loop starting at the base point obtained
by first traversing gy and then traversing y~'. It is straight-forward to check that the
cohomology class of (7) is independent of the choice of y and that points in the same con-
nected component of Y determine the same cohomology class. The same definition of k
holds when the G-fixed base point is replaced by an inverse system of simply connected
G-stable sets.

For a group or profinite group 7, let " := 7/[n1], denote the abelianization of 7. The
map k" is k followed by H'(G, 1) — H'(G, n®") induced from the quotient 7w — 7®.

Let X denote a geometrically connected, finite type scheme over a characteristic 0 field
k, equipped with a geometric point b : Spec () — X and assume that the image of b is a
k-point. Let k denote the algebraic closure of k in Q. For any x € X(k), the torsor of paths
from the lift of b to X; to the lift x : Speck — X; of x has a canonical Gy-action classified
by the element of H' (Gy, 71 (Xg, b)) represented by the cocycle (7), where 7 is any chosen
path from b to x, and g is in Gy. Sending x to this element gives a well-defined map

X(k) - H] (Gk> M (X@ b))
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consistent with the map «k from the introduction. When k = R, this map factors through
mo(X(R)), resulting in the map

K:7o(X(R)) — H'(Gr, T (Xc, b))

For X a based curve, the torsor of paths from the lift of the base point to Xj, to the lift of a
k-point likewise has a Gx-action, and « is defined by the same formula.

3. ABELIAN APPROXIMATION

Let 7 denote the forgetful functor from vector spaces over Z/2 to pointed sets, sending
a vector space to its underlying set, pointed by the identity. Let VV denote the left adjoint
to Z, called the free vector space on the pointed set. The unit is the canonical map of pointed
sets (S, so) — ZV(S, so).

Note that for a based curve X over R, the set 7p(X(R)) is naturally pointed, as the base
point either lies in a particular connected component or points towards one.

In the following proposition, 7t can denote either the étale or topological fundamental
group of X¢ or X(C) respectively.

3.1. Proposition. — Let X be a geometrically connected, based curve over R, such that each
irreducible component of its normalization has R-points. Then

k® : 1(X(R)) — H'(Gg, ")
is the unit of the adjunction (V,T) on the pointed set 1o(X(RR)).

We first prove Proposition 3.1 when X is smooth, so make this assumption now: let X
be a geometrically connected, smooth, based curve over R.

Let Jac™ X denote the degree n generalized Jacobian of X, i.e. the degree n Picard
scheme of X if X is proper, and the degree n Picard scheme of the one point compactifica-
tion X™ of X for X non-proper; see appendix A. There is a canonical map Sym" X — Jac" X,
where Sym™ X denotes the nth symmetric product of X by composing [SGA4;, XVII
6.3.8.2] and the map (25) of the appendix. For a coherent sheaf £, let V() = Spec Sym &
and P(§) = Proj Sym &, as in [EGAIL, 1.7.8] and [EGAII, 3.1.3]. -

3.2. Proposition. — For n sufficiently large,
Sym" X — Jac™ X

is given by V(E) — Jac™ X (respectively P(€) — Jac™ X) for a non-zero locally free sheaf £ on
Jac™ X and X non-proper (respectively proper).

Proof. For X proper, note that since X is based, we may choose an R-point b of X. By
[BLR90, 8.1 Prop. 4], there is a unique universal line bundle P over X x Picx whose
restriction to b x Picy is trivial. By [SGA4yy;, 6.3.9] and [BLRY0, 8.2 Prop 7], Sym"™ X —
Jac" X is given by P(&) for £ a Oy,cn x-module of finite presentation. By Lemma A.1 in the
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appendix, P is cohomologically flat in dimension 0 when restricted to X x Picy for large
n. By [BLR90, 8.2 Prop 7], this implies that p,P is locally free and dual to £ which is also
locally free, where p : X x Picy — Picy denotes the projection.

For X non-proper, a proof is provided as Proposition A.5 in the appendix, although the
result is also well-known in this case. 0

3.3. Corollary. — When the real points of Sym"™ X and Jac™ X are given the analytic topology,
Sym™ X(R) — Jac™ X(R) is a vector bundle (respectively projectivized vector bundle) for n suffi-
ciently large and X non-proper (respectively proper).

3.4. Remark. Corollary 3.3 is an alternate way to see [GH81, Prop 3.2 (2) n(W?) = n(S4X)
for large d] and [Bro96, 2.7.4 O(D’) ~ O(D)].

For notational simplicity, when X is proper, let X* = X.

Choose b’ € X(R) representing the distinguished element of 7y(X(R)). The point b’ :
Spec R — X determines maps Sym™ X — Sym"™ X x X — Sym™™" X for n € Z;. Since X is
smooth, b’ is a smooth point of X*, and therefore determines a degree 1 invertible sheaf
L of rational functions with at worst a pole at b’. The sheaf £ determines isomorphisms
Jac™ X — Jac™' X corresponding to the tensor product of the pullback of £ with a/the
universal line bundle on X" x Jac™ X. These maps are compatible with the maps Sym" X —
Sym™*! X in the sense that the diagram

Symn X — > Symn-‘r] X
Jac" X —— Jac™' X

commutes. Composing Sym" X — Jac™ X with the isomorphism Jac™ X — Jac X obtained
from the inverses of Jac™ X — Jac™' X form =n —1,n —2,...,0, we obtain maps

(8) Sym™ X — Jac X
which commute with the maps Sym™ X — Sym™"' X.

For n = 1, the map (8) is the Abel-Jacobi map « : X — Jac X corresponding to the
invertible sheaf £. Since Jac X is an abelian group scheme, « determines a map Sym" X —
Jac X, which recovers (8) for any n.

As the maps (8) commute with X = Sym' X — Sym™ X, the diagram

Sym™ X

A

X —> JacX

commutes. Corollary 3.3 implies that:



3.5. Corollary. — For n sufficiently large, o (Sym™ X(R)) — mo(Jac X(R)) is a bijection.

Let X(C), Sym™ X(C) and Jac X(C) denote the complex points of X, Sym™ X and Jac X re-
spectively equipped with the analytic topology. The natural map from the n'" symmetric
power of X(C) to Sym" X(C) is a homeomorphism, so both may be denoted Sym" X(C).
The maps Sym™X — Sym™"' X produce maps Sym" X(C) — Sym™"' X(C) described as
taking an n-tuple x; x x; x ... x x, of C-points of X to x; x x; X ... X x, x b’. Let
Sym* X(C) = lim Sym" X(C) be the infinite symmetric product of the topological space
X(C). The action of Gg on Sym" X(C) extends to Sym® X(C), and the natural map from
@;n Sym" X(R) to the fixed points of Sym™ X(C) is an isomorphism, where as above
Sym™ X(R) denotes the R-points of Sym™ X equipped with the analytic topology. We use
the notation Sym® X(R) for the fixed points of Sym™ X(C). The maps (8) determine the
commutative diagram

) Sym®™ X(C)

P

X(C) —M%L JacX(C)

and Corollary 3.5 shows:

3.6. Proposition. — The map 1o(Sym®™ X(R)) — mo(Jac X(R)) resulting from (9) is a bijection.

The monoid 7 (Sym™ X(R)) is computed by the following proposition, whose proof is
essentially contained in Proposition 3.2 of [GH81], which is credited to Shimura.

3.7. Proposition. — Let X be a path connected, Hausdorff, topological space with an action
of G = 7Z/2 equipped with a G-fixed base point. Assume that the path components of X are
closed in XS. Then the monoid structure on Sym™ X gives 1((Sym™ X)) a Z/2 vector space
structure, and 7 ((—)¢) applied to X — Sym™ X is the unit of the adjunction (V,I) on the
pointed set 1,(X©).

Proof. Let p in X be the base point, and let T be the generator of Z/2. Points of Sym* X are
determined by finite unordered lists x1, X, . .., x, of elements of X where two unordered
lists correspond to the same point of Sym™ X’ if they are equal after removing all p’s. G-
fixed points are lists formed from x; € X and pairs x,tx for x € X. Let [p] in 7o(X©)
denote the path component containing p. For o in 75(X©), let X, C X denote the cor-
responding path component. Let Y be the subset of X x X of pairs (x,Tx). Products of
copies of Y and the X,, determine path connected subsets of (Sym™ X')¢ whose union is all
of (Sym™ X')€. Note that such a path connected subset arising from a product with two
factors of the same X, intersects the path connected subset arising from the same product
with the two factors of X, replaced by Y. Note also that the path connected subset of
(Sym® X)€ arising from a product containing factors of X, intersects the path connected
subset determined by the product with those factors removed. Thus the monoid struc-
ture on Sym®™ X gives 7, ((Sym™ X')€) a Z/2 vector space structure such that the elements
{Xa : v € mH(XC) — [pl} span.



To show these elements are linearly independent, it suffices to show that the homo-
morphism h, : (Sym™ X)¢ — Z/2 taking a finite unordered list to the number of el-
ements contained in X, is continuous. Since (Sym® X)¢ is canonically isomorphic to
li_H}(Sym“ X)S, it is sufficient to show that the restriction of hy to (Sym™ X)® is contin-
uous. Since X is Hausdorff, X© is closed in X, and thus for all &’ in 71y( X ), X, is closed
in X. Thus products of copies of Y and the X, determine finitely many closed subsets of
(Sym™ X)€. Taking unions of these closed subsets as appropriate gives a decomposition
of (Sym™ X)€ into closed and open subsets on which h,, is constant.

O
Applying Proposition 3.7 to X = X(C) shows:

3.8. Corollary. — The map m(X(R)) — mo(Sym™ X(R)) resulting from (9) is the unit of the
adjunction (V,Z) on the pointed set my(X(R)).

Combining Corollary 3.8 with Proposition 3.6 shows:

to: X — JacX be
— 1(Jac X(R)) is

3.9. Proposition. — Let X be a smooth curve over R such that X(R) # (. L
the Abel-Jacobi map corresponding to a base point b’ € X(R). Then 7ro(X(R)
the unit of the adjunction (V,Z) on the pointed set y(X(R)).

e
)

Let 71; denote either the étale fundamental group 7$*(Jac Xc,0) of Jac X¢ based at the
identity or the topological fundamental group 7P (Jac X(C), 0). Let Ky : mo(Jac X(R)) —
H'(Gg, 71j) denote the corresponding map k as in 2.2.

3.10. Proposition. — The map «; : 7o(Jac X(R)) — H'(Gg, 7)) is a Z/2 vector space isomor-
phism.

The content of the proof of Proposition 3.10 is identical in the étale and topological
setting using [VW11, §3.3, 4.1]. We give the étale proof with the modification for the
topological case in parentheses.

P

Proof. Let J/a;fc (resp. Jac X(C)) denote the universal covering space of Jac Xc (resp.
Jac X(C)), which is automatically an abelian group. The canonical exact sequence

0 — m — JacX¢e — JacXe — 0

gives a short exact sequence of abelian groups with Gg action

0 — m — Jac X¢(C) — JacX(C) — 0

—_—

(resp. 0 — 77 — Jac X(C) — Jac X(C) — 0).
For notational simplicity, let
Oen]e(]face{]ac—)o
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denote the previous exact sequence, in either the étale or topological case. Applying Tate
cohomology gives the exact sequence

(10) ... [°(Gg, Jac) — A°(Gg, Jac) — A' (G, ) — A'(Gg, Jac) ...

Multiplication by 2 is a profinite-étale covering space Jac X¢ 2 Jac Xc (resp. covering

—_~—

space Jac X(C) E) Jac X(C)), whence J/agzc — Jac Xc¢ ﬂ Jac Xc and Jac X¢e — JacXc
are simply connected covering spaces of Jac Xc. Thus there is a unique lift of [2] to an

isomorphism Jac X¢ — JacX¢ (resp. Jac X(C) — Jac X(C)) sending the identity to itself,
and this lift is multiplication by 2. See [VW11, Prop. 3.1, Thm 3.1]. Thus multiplication
by 2 is an isomorphism on Jac, and A'(Gg, Jac) = 0 for all i. Thus A°(G, Jac) — A'(G, 7))
from (10) is an isomorphism.

Let T denote the generator of Gg. The canonical map Jac X(R) — ﬂO(GR, Jac) is a sur-
jective homomorphism of abelian groups, with kernel (1 + T) Jac. Since 1 + T determines
a continuous map JacX(C) — JacX(R) and JacX(C) is connected, (1 + T) Jac is con-
tained in the connected component of the identity Jac X(R)° of Jac X(R). Since Jac X(R)°
is a connected abelian real Lie group, its universal cover is given by its exponential map
R4 — JacX(R)?, where d = dim Jac X(R)°. Since R? divisible, it follows that Jac X(R)°
is divisible, which implies that (1 + ) Jac = JacX(R)®. Thus JacX(R) — A°(Gg, Jac)
determines an isomorphism 7, Jac X(R) — A°(Gg, Jac) of abelian groups.

Composing this isomorphism 7 (Jac X(R)) — A°(Gg, Jac) with the isomorphism
A°(Gg, Jac) — A" (Gg,m))
from (10) yields k;, completing the proof. O

3.11. Remark. Proposition 3.10 also follows from the real section conjecture. The above
proof is included in order to give a proof of the 2-nilpotent real section conjecture which
is independent of the real section conjecture or Sullivan’s conjecture.

Proof of Proposition 3.1 for X smooth. Keep the notation from above that X is a smooth, ge-
ometrically connected, based curve over R, 7t denotes either the topological fundamen-
tal group of X(C) or the étale fundamental group of X¢, and b’ € X(R) represents the
distinguished element of my(X(R)). Let Jac X denote the generalized Jacobian of X, and
o : X — Jac X denote the Abel-Jacobi map corresponding to b’. Since b’ is in the distin-
guished path component of X(R), there is a Gg-invariant path connecting b’ to the base
point. (In the étale case, b’ will also denote a geometric point with image b’.) This path
yields a Gg-equivariant isomorphism m — 7/, where 7’ denotes the appropriate funda-
mental group based at b’, and a commutative diagram

T (X(R)) —— m(X(R))



where k' denotes the map of 2.2 with respect to the base point b’ and « is based at b as
in the statement of Proposition 3.1. Combining with the functoriality of k, we see that the
diagram

mo(X(R)) — 2 (Jac X(R))
S
H'(Gg,7t) ———= H'(Gg, 7))

commutes. The Abel-Jacobi map « induces 71;(x) : © — 717 which is the abelianization in
either the étale or topological case [Moc10, Prop A.8 (iii)]. Thus k®® = k; o 75(x(R)). By
Proposition 3.9, my(«(R)) is the unit of the adjunction (V, 7). By Proposition 3.10, kj is an
isomorphism. Thus k" is the unit of the adjunction (V, Z), showing Proposition 3.1 for X
smooth. O

3.12. Hypothesis. — For notational convenience in the next two lemmas, we will say that
a topological space X with an action of G = Z/2 satisfies hypothesis 3.12 if X' is Haus-
dorff, path connected and equipped with a G-fixed base point such that k® : 7,(X¢) —
H'(G,(X)2P) is the unit of the adjunction (V,Z) on the pointed set 715(X'©). We will say
that a finite set of points D of X satisfies hypothesis 3.12 if GD = D and there is an open
neighborhood of D in X that deformation retracts onto D.

3.13. Lemma. — Let X be a topological space with an action of G = Z/2 and let D be a finite set of
points of X both satisfying hypothesis 3.12. Let ~ be a G invariant equivalence relation on D and
let Y be the quotient of X formed by identifying equivalent elements of D. Then k" : 715(Y¢) —
H'(G, 7 (Y)2P) is the unit of the adjunction (V,T) on the pointed set 1,(Y°).

Proof. Let T denote the generator of G.

Suppose that D is order 4 and has the form D = {x;,%;, Tx;,Tx,}. Suppose that ~ is
the G invariant equivalence relation on D generated by x; ~ x,. Since X¢ — )€ is a
homeomorphism, to verify the lemma in this case, it suffices to show that H'(G, 7 (X)) —
H'(G, m(Y)) is an isomorphism. There is a pushout square

D—X
D' —)
where D’ C Y is the image of D. This gives the exact sequence
(11) 0 - Hi(X) = Hi(Y) = Z(x1 —x2) @ Z(tx1 —T%2) = O,

where Z(x; —x3) ® Z(tx1 — %) = Ker Hy(D) — Ho(X) @ Ho(D’), and H; denotes singular
homology with coefficients in Z. As a Z[G] module, there is an isomorphism Z(x; —x;) @
Z(tx1 —Tx2) = Z[G], and in particular (11) splits. Applying H*(G,—) to (11) shows that
H'(G,m (X)) — H'(G,m())) is an isomorphism as desired.
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Suppose that D is order 2 and has the form D = {x,tx} with x ~ ™. The cofiber
sequence D — X — Y gives the exact sequence

0— H{(X)— H{(Y) = Z(x —t™x) — 0.
Applying H*(G, —) gives the left exact sequence
0— H'(G,m (X)) = H'(G,m(Y)) = Z/2(x —1X).

Note that x and tx determine the same point y of Y and «3P(y) maps to the generator of
Z/2(x — 1x). This gives the commutative diagram with exact rows

0 —=H'(G,m (X)) —H'(G,m(Y)) —=Z/2(x =) —=0.
0 —= Vmo((X)€) Vro((V)€) Z/2(y) —=0
Since the left vertical maps is an isomorphism by hypothesis, it follows that

Vo((Y)€) = HY(G, m(Y))

is an isomorphism, showing the lemma in this case.

Suppose that D is order 2 and has the form D = {x,x;} with x; ~ x; and x;,x, € XS.
The cofiber sequence D — X — ) gives the exact sequence

0— Hi(X) = Hy(Y) = Z(x1 —x2) = 0.
Applying H*(G, —) gives the right exact sequence
Z/2(x1 —x2) = H'(G, (X)) — H'(G, () — 0,
ab

where the generator of Z/2(x; — x;) is mapped to k3 (x1) — k% (x2). By hypothesis, k%
induces an isomorphism V7o ((X)¢) — H'(G, 7 (X)), giving an isomorphism

V(mo((X)€)/(x1 ~x2)) — H'(G, (),

where 71,((X)€)/(x1 ~ x2) denotes the pointed set 7, ((X)€) with x; identified to x,. Since
mo((X)C)/(x1 ~ x2) is identified with 71,((Y)€) via X — Y, we have that the map

Vmo((Y)¢) — H'(G,m (V)

induced by k3P is an isomorphism by functoriality of k.

By induction on the order of D, it suffices to consider the three cases shown above. [

3.14. Lemma. — Let X; be a topological space with an action of G = 7Z/2 and let D; be a finite
non-empty set of points of X; for i = 1,2, all satisfying hypothesis 3.12. Suppose given a G
equivariant bijection f : Dy — D, and let ) be the quotient of X | [ X, obtained by identifying
points of Dy with their images under f. Then k* : 7o(V¢) — H'(G, 1;(Y)?") is the unit of the
adjunction (V,I) on the pointed set 7,(Y®) for any choice of G fixed base point.

Proof. Let T denote the generator of G. Let H; denote singular homology with coefficients
in Z.
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Suppose D; has order 1, and let x denote the point of D;. Note that ™x = x. We may
assume that x,f(x), and the image of x in ) are the chosen base points of X;, X,, and Y
respectively. Then

V1o(Y€) = Vo (XF) @ Vo (Xy),
H; (V) = Hi (&) @ Hy (&),

and k3P can be identified with the direct sum of k%> and k3>, showing the lemma in this

case.

Suppose D; has order 2 and is of the form D; = {x,tx}. Let b; be the base point of X},
and let y denote a path from b; to b,. Note that the path Ty~ oy from by to itself deter-
mines a non-trivial element of H;()). This element splits the Mayer-Vietoris sequence

0 — Hy (A7) & Hy (&) — Hi(Y) — Ho(D1) — 0
giving an isomorphism
Hi (V) = Hi (X)) @ Hy (A) @ Z(ty ' o).
Let by be the base point of ), giving an isomorphism

V1o (VC) = Vo (AF) @ Vo (Xy) @ Z/2(by).

Under these identifications k3 is the direct sum of k¥, k%, and the isomorphism

Z/2(b;) — H' (G, Z(ty ' 0y)) = Z/2,

showing the lemma in this case.

By Lemma 3.13, it suffices to consider the two cases shown above. O

Proof of Proposition 3.1. For a free abelian group £ with an action of Z/2, the map on group
cohomology H'(Z/2, L) — H'(Z/2, L") induced by the profinite completion £ — £ is an
isomorphism. (This can be checked with the cyclic resolution

(12) — 7z =S 7122 B 72 S 2072 — 7 —— 0
of Z as a Z/2 module. Note that £ = £L®;7Z" and that Z"" is torsion free, whence flat over
Z.) We may therefore reduce to showing Proposition 3.1 for 7t the topological fundamental

group.

We may assume that X is reduced. Every irreducible component of the normalization
of X is a smooth curve with real points. By the above, Proposition 3.1 holds for each
irreducible component of the normalization, after choosing a base point. By Lemma 3.13,
Proposition 3.1 holds for each irreducible component of X. By Lemma 3.14, Proposition
3.1 holds for X. O

3.15. Remark. The hypothesis of Proposition 3.1 and the resulting hypothesis of Theo-
rem 1.1 is different from the hypothesis of the real section conjecture, which is that the
topological space X(C) be a K(7,1). The reason for this difference was discussed in the
introduction — see the discussion near (5). The difference itself is made explicit as fol-
lows. The normalization X — X induces a continuous map 7 : X(C) — X(C) where X(C)
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and X(C) are given the analytic topology. The map 7 factors through the quotient map
q: X(C) — Y where Y is obtained by identifying points of X(C) with equal images under
7. The homeomorphism Y — X(C) shows that X(C) is homotopy equivalent to the wedge
of the connected components of X(C) and a certain number of circles S'. Since a wedge
of K(m, 1)’s is a K(7t, 1), one sees that X(C) is a K(, 1) if and only if none of the connected

components of X(C) are P}..

4. 2-NILPOTENT OBSTRUCTION

For a profinite group m, let m = [nt]; > [n], > [n]3 > ... denote the lower central series
of m, so [mlny1 = [[7y, 7t is the closure of the subgroup generated by commutators of
elements of [, and 7.

For an extension of profinite groups
(13) lonm—->n—>G—1,

the conjugacy class of a section s : G — 7t refers to the set of sections of the form

g ys(ghy™

where vy is in 7.

Pushing out (13) by m — 7t/[m],, gives the extension
(14) 1 - n/[n, - 7/ln, > G — 1.

Given a section s : G — 7t/[mt; of (14) for n = 2, there exists a section S : G — 7t/[7]3 of

(14) for n = 3 such that the composition G > wt/[n); — 7t/[m), is in the conjugacy class of
s if and only if the extension

1 — [nly/[ns — (7/[73) Xnjpg, G — G — 1
obtained by pulling back
(15) 1 — [rly/Inl; — /[l — 7/[mdy — 1

along s splits. When (13) is equipped with a splitting, the extensions (14) inherit splittings,
which induce bijections between H' (G, t/[7],) and the conjugacy classes of sections of
(14). Then for s as above, there exists $ if and only if the class of s vanishes under

8, : H'(G, 7t/[m);) — HA(G, [71)2/[md3)
where 0, is the boundary map in continuous group cohomology from the extension (15).
5, is quadratic with associated bilinear form given by the following cup product [Zar74,
p 242]: let
[= =1 m/lmly @ 7/l — 72/ I3

be given by [y,8] = y6y~'5~" where ¥, § in 7t/[n]; map to v, 5, respectively, in 7t/[7t,.
(Since the choices of y differ by an element of the center, this map is well-defined on
nt/[n, x mt/[nl,. Bilinearity follows from [MKS04, Thm 5.1 p. 290].) The cup product

H' (G, 7t/[r,) © H'(G,7t/[7y) — H*(G, 7/ [my @ 7t/ [7t)2)
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can be pushed forward by [—, —] to give a map
(16) H'(G, 7/lml) @ H'(G, 7t/lml2) — HA(G, [/ [rds).

4.1. Proposition (Zarkhin). — For all x,y in H'(G, 7t/[n]),
62(x +y) = 82(x) + 82(y) + [, —L.x Uy.

For 7t the étale fundamental group of a smooth, based, algebraic curve over a field and
G the absolute Galois group, Jordan Ellenberg introduced and studied 9, as an obstruction
to rational points of the Jacobian lying on the curve [EI00].

For an abelian group £, let £ A £ denote the quotient of £ ® £ by the relation { ® { =0
for all {in £. When G = Z/2, the pairing
U:H'(G,£)®@H' (G, L) — HX(G,LANL)
induced by the cup product satisfies
tut=0
by a straight forward computation, giving a natural map

H' (G, L) ANH'(G, L) —» H*(G,LANL).

4.2. Lemma. — Let L be an abelian group or profinite abelian group with no 2-torsion and an
action of G = Z/2. Then the natural map

H'(G,£) AH'(G, L) — H*(G,LAL)

induced by the cup product is injective.

Proof. Let T denote the generator of G. Since G has order 2, H'(G, £) is a I, vector space.
The short exact sequence

2

0 L L L/2L —=0

shows that
H' (G, L) — H'(G, L£/2L)

is injective. Similarly,
H*(G, LN L) — H*(G,L/2/N\L/2)
is injective. Thus, it suffices to show that
H'(G,W)AH'(G,W) — H}(G,WAW)
is injective for any I, vector space W with a G action. This map is described by
(Wil A fwal = g A twg]

where w; is in the kernel of T+ 1: W — W, and [w;] denotes the corresponding cohomol-
ogy class via the cyclic G resolution of Z (12) [Bro94, V §1 pg. 108].
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Note that (1+71)(w; Aw,) = wi Aw; +1w Atw, = (W +Twy ) Aw, +1wy A (wy +Tw,).
Therefore, we have a map H*(G, W AW) — (W/I) A (W/I) where I denotes the image of
T+1: W —>W.

Let K denote the kernel of T+ 1: W — W. Since the automorphisms T+ 1 and T — 1 of
W are equal, H'(G, W) = K/I. The inclusion K — W induces an injection K/I A K/I —
W/I/\ W/I because W is a vector space.

The commutative diagram

(@]

H'(G,W)AH'(G,W) H2(G, W A W)

: |

K/IAK/I (W/I) A\ (W/T)
gives the desired injectivity. O
Note that [, —] factors through 7t/[n], A\ 7t/[n], giving a map

[—, = :7/[n), Am/[mdy, — [,/ (s
which will also be denoted by [—, —].

4.3. Lemma. — Let X be a geometrically connected, based curve over R and let 7 denote the
étale or topological fundamental group of Xc, X(C) respectively. Then [—, —], : H*(Gg, /[ty /\
7t/ml;) — H2(Gg, 7],/ [713) is injective.

Proof. For a free abelian group £ with an action of Z/2, the map on group cohomology
HY(Z/2,L) — HY(Z/2, L") induced by the profinite completion £ — £ is an isomorphism
(cf. proof of Proposition 3.1). Since 7t/[7], and [n],/[m]; are free abelian groups for 7 the
topological fundamental group of X(C), it suffices to prove the lemma in this case.

By [Dwy75, Lemma 1.3], there is a right exact sequence
(17) Hy(7t) — Hy(m/[ndy) — [ndy/[mls — 1

for any group m, where H, denotes group homology with integer coefficients. When
nt/[n, is a free Z-module, H,(7t/[m],) is canonically identified with nt/[n], /\ 7t/[n], and
the surjection of (17) is [—, —].

Since complex conjugation is orientation reversing, the canonical surjection H,(X(C)) —
H,(7t) [Bro94, Thm 5.2 p. 41] shows that Gy acts on H,(7r) by multiplication by —1. Thus
G acts on the kernel K of [—,—] : ©/[n], A nn/[n], — [n],/[n]; by multiplication by —1.
Since nt/[nt], A\ mt/[nl; is free, so is K. Thus H,(Gg, K) = 0, giving the desired injection. [

Let X be a geometrically connected, based curve over R, such that each irreducible
component of its normalization has R-points, and use

1 — ' (Xe) = mHX) = G — 1
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or
1 — m™(X(C)) = ™ (X(C)) = Gg — 1
for the extension (13), giving 9, as above.

4.4. Theorem. — Ker 8, = Image k.

Proof. For any point p of X(R), the image k(p) of p under k determines a section of
(13), whence a section of (14) for n = 3. Thus §,(x*(p)) = 0, giving the containment
Image k** C Ker §,.

By Proposition 3.1, an arbitrary element of H' (Gg, 7t®°) is of the form x; +x; + ... + X,
where the x; are images under «* of n distinct elements of 715(X(R)) none of which are
the connected component distinguished by the base point. By Proposition 4.1,

Sr(x1+x2+ ...+ Xn) :Zéz(xi)—l— Z [—,—]*XiUXj.
i=1

1<i<j<n

Since the x; are images of elements of X(R), §,(x;) = O forall i. If n > 1, then Zl§i<j§n X; /\

X; is a non-zero element of H' (Gg, n**) /A H'(Gg, ) by Proposition 3.1. By Lemmas 4.2
and 4.3, it follows that } ,_; “j<n [—, —].x; U x; is a non-zero element of H'(Gg, [7,/[n3) if
n > 1. Thus n = 1 for any element of Ker §,, showing Ker §, C Image k. O

Since k" is injective by Proposition 3.1, Theorem 4.4 implies Theorem 1.1.

5. BIRATIONAL 2-NILPOTENT REAL SECTION CONJECTURE

In this section, 7r; will always denote the étale fundamental group.

Let X be a smooth, proper, geometrically connected curve over R such that X(R) # 0.
Let X(R)* denote the set of real points of X equipped with a real tangent direction.

Choose a local parameter z € R(X) at a point of X(R), and let b : SpecC((z?)) — X
be the associated geometric point, as in 2.1. Note that z embeds the function field R(X)
into C((z%)). Taking the algebraic closure Q, of R(X) in C((z%)) and considering the
intermediary extension R(X) C C(X) gives
(18) 1 — Gal(Q,/C(X)) — Gal(Q,/R(X)) — Gg — 1

which should be viewed as an analogue of the homotopy exact sequence (1). The coeffi-
cientwise action of Gg on C((z%)) defines a splitting of (18).
Given a second local parameter w and the associated geometric point
x : Spec C((W9)) — X,

choose an isomorphism Q, = Q,, which is the identity on the inclusion of C(X) in
both fields, determining an isomorphism Gal(Q,/R(X)) = Gal(Q,,/R(X)). The map
Gr — Gal(Q,,/R(X)) defined by the coefficientwise action of Gg on C((w?)) then gives a
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second splitting of (18). It is not difficult to check that the conjugacy class of the section
determining this splitting depends only on the tangent direction associated to x and is
independent of the choice of isomorphism Q, = Q,,.
It follows that given b € X(R)* to be used as a base point, we obtain a map
K X(R)* = Sgaix/m)
where S8q.(x/r) denotes the set of conjugacy classes of sections of

1 = Gexy = Grxy = Gr — 1.

The set of conjugacy classes of sections of the push-out sequence
(19) 1 — Gex/[Gepoln = Grix/[Gepoln — Gr — 1

will be denoted by 8¢,y ), and for m > k the set of conjugacy classes of those sections
of (19) for n = k which have a lift to a section of (19) for n = m will be denoted 8¢ ;% g)-

Recall the notation that for a geometrically connected, based curve V over R, the set of
conjugacy classes of sections of the homotopy exact sequence
T —=m(Ve) =2 m(V) = Gg — 1
is denoted 8, (v/r). The conjugacy classes of sections of
(20) 1 = m(Ve)/lm (Ve)ln — m(V)/Im (Ve)ln — Gr — 1

is denoted ST 5, and the conjugacy classes of those sections of (20) for n = k which have
a lift to a section of (20) for n = m is denoted S’“‘{,‘}R)

5.1. Corollary. — « gives a natural bijection from X(R)* to Sg_\ .

Proof. For U a Zariski open of X, applying m; to the inclusion of the generic point gives a
map Ggrx) — m (U, b) [SGAI, V Proposition 8.1]. By functoriality of 7t;, forany V C U C
X, we have compatible maps

SGal (X/R) — Sy 1 (V/R) — 87 1 (U/R)

TCI;Z&/R) — Sm (V/R) — Sn (U/R)

for any n and m > n. These maps are compatible with « in that the diagram

X(R)* SER)

Jim,  7ro(U(R)) — Jim, 823

commutes, where X(R)* — m(U(R)) sends an element of X(R)* to the connected com-
ponent the tangent direction points to, and where U runs over the Zariski opens of X.

By Theorem 1.1, k : mo(U(R)) — 8% g, is a bijection, showing that the bottom hor-
izontal arrow is a bijection. The left vertical arrow is a bijection by inspection. It thus
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suffices to show that 8,5 — Jim | 8% () is injective, which is equivalent to showing
that H'(Gg, G¥y,) — im, | H'(Gg, m (Uc)?) is injective [Bro94, IV 2.3].

By [SGAI, V Proposition 8.2] the natural map G¢xx) — lim 71 (Ue,b) is an isomor-
phism. It follows that G%‘fx) — @u 7 (Ue, b)*" is an isomorphism. Since @ is exact as a
functor on inverse systems of compact abelian groups, the natural map

H'(Gg, Jim 71y (Ug)*™) — Jim H'(Gg, 7 (Uc)™)
u u

is an isomorphism, showing the corollary. O

6. 2-NILPOTENT TOPOLOGICAL APPROXIMATION

Let X be a geometrically connected curve over R equipped with a base point in X(R),
and let 7t denote the topological fundamental group of X(C).

6.1. Abelian approximation. — The action of 7t/[7], on itself by left translation gives an
injective homomorphism

7t/[n], — Affine(7t/[m],),

where Affine(7t/[m],) denotes the group of invertible affine transformations of the free
abelian group 7t/[m],. (The image of 7/[m], is contained in the subgroup of translations,
but the notation is set up for the larger group.) Tensoring with R gives an action of 7t/[7,
on 7t/[7t]; ®z R, and taking the quotient gives a model for K(mt/[n,, 1) denoted

Alby = (nt/[m)\(7t/[7]; @z R).

The Galois group Gy acts on 7t/[7,, giving a linear action on 7t/[n], ®7 R. For g € Gg
and vy € n/[n],, we have an element gy of 7t/[rt],, and the equality g(yv) = (gy)(gv) for
allv € t/[n]; ®z R. Thus Alb; inherits a Gr-action.

6.2. 2-Nilpotent approximation. Choose a set of generators x;, . .., X, for m which are a basis
for 7t/[m],. Let s be the set-theoretic section of the quotient map q : t/[n]; — 7/[n], given
by taking x{'x3%---x&™ in 7t/[7], to x{'x5? - - - x%™ in 7/[n];. The section s determines a
bijection between 7t/ [n], ® [n],/[7]; and 7t/[n]; by sending vz € nt/[n], @ [n], /[l to s(v)z.
Via this bijection, the group law on 7t/[7]; gives a composition law on 7t/[7t], & [7],/[7]3,
denoted o. Let + denote addition on the free abelian group 7t/[nt], @ [n],/[n]3. There is a
bilinear pairing
(——) /[y, ® /[, — [,/ (73
such that
vow =v+w+ (qv, qw),

for vand w in t/[nt], @ [n],/[7t];. Here and later, we slightly abuse the notation q by letting
q also denote the projection 7/ [n], @ [7],/[n]3 — 7t/[m],. Thus the action of 7t/[7t]; on itself
by left translation gives an injective homomorphism

7t/[n]3 — Affine(7t/[n], @ [ml,/[n]3) C Affine((nt/[n], @ [n],/[7]3) ®z R).
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For example, x, is sent to the affine transformation
(ar,azy...,an) Xz (aj,a+1,...,a.) X (z— a1[x7,x2]).

Taking the quotient of (7t/[7t], @ [71],/[7]3) ®z R by 7/[ml; gives a model for K(mt/[nl3, 1),
denoted

Alb, = (7/[m:)\ (/[ @ [2/[73) @2 R).

GR acts on 7t/[7;. Give 7'(/ [7t],/[m]3 the Gg-action inherited from its bijection with
7t/[m]3. Since for all ze0d[n z/ 7t]3 we have zow = w oz =w + z, it follows that

glvow) =g((v+w)o(qv,qw)) = g(v+w) o g(qv, qw) = g(v + w) + g(qv, qw),

(gv) o (gw) = (gv) + (gw) + (qgv, qgw).
Since g(v o w) = (gv) o (gw) for g € Gg, we have that

is bilinear. Let B
that

glw +v) —g(w) —g(v) = (gqv, gqw) — g{qv, qw)
= (gqv, gqw) — g{qv, qw) denote this bilinear form. It follows

—

(21) gv) = EB (v,v) + Lg(v)

where L, is a hnear endomorphlsm of (t/[ml, & [mly/[ml3) ® [ |. In particular, the Gg
action on 7t/ [}, @ [7t],/[7t3 extends to (7t/[ml, @ (7], /[ml3) ®Z R. As above, the equality
glyv) = (gv)(gv) for allv € (n/[nl, @ [nl,/[7]3) ®z R, g € Gg and vy € r/[n]3, implies that
Gpr acts on Alb,.

The map Albz — Alb; induced by the projection q is a Gg-equivariant fiber bundle with
fiber K([tl,/[mt3, 1).

6.3. Mapping X(C) to its approximations. —Equip Alb, with the base point induced by
the origin of (n/[nl, & [n];/[nl3) ®z R, and say that a map between spaces with base
points is pointed if the image of the base point of the domain is the base point of the
codomain. Choose a pointed map f : X(C) — Alb, such that the induced map f, on
fundamental groups is the quotient. Let X(C) — X(C) and Alb, — Alb, denote the uni-
versal pointed covering maps of X(C) and Alb, respectively. Note that Alb, — Alb, is
(7t/[mt], @ [y /[n)3) ®z R — Albz, up to unique pointed isomorphism, where the origin
is the base point of (7t/[m] ml,/[7m3) ®z R. There is a unique lift of f to a pomted map
f: X((C) — Albz For all Y € 7, we can view Y as an automorphlsm of X(C) or Albz,
and the choice of f, implies that vf = fy. Give X(C) and Albz the Gg-actions lifting those
of X(C) and Alb, and such that the base points are fixed under Gg. This Ggr-action on
(7t/[ml, & [m,/[7)3) ®z R is consistent with the one above. Let T denote complex conjuga-
tion and note that tft~' : X(C) — Alb, is a pointed map such that the induced map on
7 is the quotient. Tft" is the unique lift of TfT! to a pointed map between the pointed
universal covering spaces, and ytft' = tft'y.
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Define g : )?(76) — (1)), ® [1y/[n3) ®z R = Alb, by

1~ 1 -
g= 5f+ ZTfT’].
By the above, y acts by affine transformations on (7t/[n], ® [n],/[7]3) ®z R, which implies
that yg = Jyf + yytft' = 3fy + Itft'y = gy. Thus, § induces a pointed map g :

X(C) — Alb; such that g, the quotient map on fundamental groups. Since T acts linearly
on the universal cover 7t/[m], ®z R of Alb;, we have that qg : X(C) — 7/[n]; ®z R is Gg-

equivariant. Thus for any x in X(C), the points g and tgt ' are contained in the same fiber
of g. The calculation (21) implies that T determines an affine transformation between the

fibers of q : Afl\gz — Xﬁ; over qg(x) and tqg(x) = qg(tx).

Define h : )?((C\/) — Alb, by h = %Q + %TQT_]. As above, h induces a pointed map
h: X(C) — Alb; such that h, the quotient map on fundamental groups. Furthermore,

~ 1 1 1 1
tht ' = T(ZQT’] +579) = ETQT’l +59="h

where the second to last equality follows because T is affine on the fiber over qg(t'x) for

all X in )?((C\/) Thus h and h and Gr-equivariant. Use the notation «, for h, so «; = h. Let
o : X(C) — Alb; denote the composition of &, with the projection. The notation is chosen
to recall that for the Abel-Jacobi map.

6.4. Remark. X(C), Alby, and Alb, can be given the structure of finite Gg-CW complexes
in the sense of [Bre67]; by the main theorem of [I1178], a smooth compact manifold with a
Z/2 action can be given such a structure, showing the existence of finite Gg-CW complex
structures for Alb;, Alb,, and the complex points of the smooth compactification of the
normalization of X. Removing and or identifying finitely many points of a finite Gg-CW
complex yields a finite Gg-CW complex, so X(C) also has the structure of a finite Gg-CW
complex.

We obtain the commutative diagram of Gg-equivariant maps between finite Gg-CW
complexes

(22) Alb,
> |
X(C) —— Alb
and view Alb; as an abelian approximation to X and Alb, as a 2-nilpotent approximation
to X. For X smooth and proper, integration gives a natural map from 7t/[r, to the C-linear

dual of the global holomorphic one-forms on X, denoted H°(X, Q)*. This map extends to
a Gr-equivariant R-linear isomorphism

Alby = 7t/[m; @7 R — HO(X, Q)*

which identifies Alb; with the Gg-topological space underlying the complex points of the
Albanese variety of X. Thus Alb; in (22) can be replaced with Jac X(C). The notation Alb
comes from the view point that a 2-nilpotent approximation to X is analogous to a higher
Albanese variety. See [Hai87], [HZ87].
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Theorem 1.1 can be rephrased as the statement that the connected components of real
points of the curve are those of the Albanese which can be lifted to the 2-nilpotent ap-
proximation:

6.5. Theorem. — Let X be a geometrically connected, based curve over R, such that each irreducible
component of its normalization has R-points. Let Alby, Alb,, and o be as constructed above to

obtain (22). Then « induces a bijection from mo(X(R)) to the image of ﬂo(AIbSR) — ﬂo(Alb]GR).

Proof. By Remark 6.4, Alb; is a finite Gg-CW complexes. By [Car91, Thm B(a)], the natural
map T[O(Alb]GR) — ﬂO(AleGR) is a bijection. Since Alb; is a K(nt/[n],, 1), the natural map
To(AIDI®) — 8.1 (A, /Gy IS @ bijection. Under these bijections, o is identified with k.
The same reasoning applied to Alb, identifies the image of 7o(AlbS®) — 715(AlbS*) with
the image of 8, (ab, /Gu) — Sm (Alby /Gg)- This shows that Theorem 6.5 and Theorem 1.1 are
equivalent. O

6.6. Example. Let X = P}, — {0, 1, oo} equipped with a real base point b in (0, 1), say b = 1.
The fundamental group 7 is freely generated by x; and x,, where x; is represented by the
loop t — e™/2 for t € [0, 1] and x; is the image of x; under the automorphism of X given
byz—1—z

The set {x1, x2, [x1, X,]} is a basis for 7t/[7t], & [7t],/[7]3, so points of (7t/[n], @ [7],/[7]3) @z R
can be labeled (a;, a;, a;;) € R3? as an abbreviation for a;x; + a,x; + a2[x1, x2]. The action
of m/[n]; on (m/[n], & [n],/[nl;) ®z R is given by xi(a;, az, ai2) = (a1 + 1,az,a52) and
x2(ay, az, a;p) = (aj, ax+1, a;;—ay). Note that [x1, x;](ay, az, ar2) = (ay, az, a;p+1) as well.
It follows that Alb; is the quotient of the unit cube in R® given by identifying the a; = 0
face with the a; = 1 face via the translation x;, identifying the a;, = 0 face with the a;, =1
face via the translation [x;, x,], and identifying the a, = 0 face with the a, = 1 face via the
translation-shear x,. The Gg-action on Alb; is given by (ai, ay, aiz) — (—aj, —az, a).

Alb;, is the torus given as the quotient of the unit square in (7t/[n],) ®z R with respect
to the basis {x1, x,} by the translations (a;, a;) — (a; + 1, a;) and (a;,a;) — (ar,a + 1),
and Gg acts by multiplication by —1.

X deformation retracts Gr-equivariantly onto the union of the two circles which are the
images of the representative loops for x; and x, described above. «; is the map taking the
point e?™t/2 in the image of x; to tx; in Alb; and similarly for the points in the image of
X2.

Note that there are four Gg fixed points of Alb, given by the 2-torsion points

1 1. 11
Z)O)» (0> Z)) (E» E

of Alb,, and that the first three lift to fixed points of Alb; as they constitute the image of

the fixed points of X in Alb,. The fourth point (%, %) does not lift to a fixed point of Alb; as

Gr acts on the fiber above (%, %) by translation by (0, 0, 12). The fact that (%, %) does not lift

{(0,0), ( )}
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can also be seen by applying Theorem 6.5. Example 6.6 is illustrated with figure 1. The
fixed points are shown in red.

a2

FIGURE 1. Approximations of P} — {0, 1, oo}

APPENDIX A. GENERALIZED JACOBIANS

Let k be a field and let X be a geometrically integral curve over k such that X is not
proper. There is an initial object X <— X* among all open immersions X — X’ from X
to a proper curve X’ such that X’ — X is a single k-point. To see this: let Y denote the
normalization of X, and Y¢ denote the smooth compactification of Y. The curve Y;" can be
described as the singular curve associated to the “modulus” } v v, p on Y¢ by [Ser88,
IV §1]. The Gy-action on the push-forward of the structure sheaf of Y{ to Y. preserves the
subsheaf given by the structure sheaf of Y., and it follows that the effective descent datum
for YS determines an effective descent datum on Y.". This descent datum determines a k-
curve, and it can be checked that this curve is Y*. Let Sx denote the singular locus of X and
let Sy denote the inverse image of Sx in Y. The k-curve X" is described by gluing Y* — Sy
to X along the open subscheme X—Sx = Y—Sy. Call X — X* the one point compactification.
For k = R, the complex points of X equipped with the analytic topology form the one
point compactification of X¢(C) equipped with the analytic topology [Mun00, Thm 29.1].

Let Y be a geometrically integral, proper curve over k equipped with a k-point b. For
instance, Y could be X* because co has residue field k. The Picard functor of Y is repre-
sented by Picy = [ [ Picy, where Picy represents the open and closed subfunctor of degree
n line bundles. Picy is quasi-projective, separated, connected and smooth [BLR90, 9.3
Thm 1]. Let p : Y x Picy — Picy and p’ : Y x Picy — Y denote the projections. By [BLR90,
8.1 Prop. 4], we have a unique universal line bundle P over Y x Picy whose restriction to
b x Picy is trivial.

A.1. Lemma. — For a coherent sheaf M on Y, let G be the coherent sheaf (p')* M @ P on 'Y x Picy.
Then:
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(1) G is flat over Picy.

(2) For large n, the restriction of R'p.G to Picy is O for all i > 0, and locally free for i = 0.

(3) For large n, the restriction of G to Y x Picy is cohomologically flat over Picy in all dimen-
sions.

Proof. (1): Near any point of Y x Picy, note that G is isomorphic to (p’)*.M, which is flat
because M is flat over Speck.

The i > 0 case of (2): Since Y is projective, there is a relatively very ample invertible
sheaf £ for p : Y x Picy — Picy. Let £L®™ denote the n-fold tensor product of £. Let G¥
denote the restriction of G to Y x Picl\‘(. For a fixed k, there is N such that forn > N, we have
Rip.(G* @ L&) = 0 for all i > 0 by [EGAIIL;, Thm 2.2.1]. The invertible sheaf P ® £%™
induces an isomorphism t : Pick — Picy'™? such that t*G¥™d = G* @ £®™, where d
denotes the degree of L. Since t*R'p,(G¥™™4) = Rip, (t*G*"™4), we have that R'p, g™ = 0
for a fixed k, and all m sufficiently large and i > 0. Taking k = 0, 1,...,d — 1 shows that
for m sufficiently large we have R'p,G™ = 0 for all i > 0.

(3): By the i > 0 case of (2), the restriction to Y x Pic} of Rip.(G) for n sufficiently
large is locally free for all i > 1. By [EGAIII,, Prop 7.8.5] it follows that this restriction
of G is cohomologically flat in dimensions i > 1. For a point z of Picy, let G, denote the
pullback of G by the closed immersion Yy(,;) = Y x Speck(z) — Y x Picy corresponding to
z. By [EGAIIL,, Prop 7.8.4], it follows that for a fixed for i > 1, the function z — di(z) =
dimy(,) H'(Yy(z), G.) on the points of Picy for n sufficiently large is locally constant. Since
the Euler characteristic of G, is locally constant [EGAIII,, Thm 7.9.4], it follows that d, is
locally constant when restricted to Picy for n sufficiently large. Since Picy is reduced, (3)
follows from [EGAIII,, Prop 7.8.4].

The 1 = 0 case of (2), follows from (3) and [EGAIII,, 7.8.5]. O

Now suppose that X is a smooth, geometrically connected curve over k such that X is
not proper.

The closed subscheme Spec k — X* corresponding to co gives the short exact sequence
of sheaves
0 —>Zo — Ox+ = Oy — 0.

Applying (p’)* and tensoring with P yields the short exact sequence
(23) 0=PR(P)Zw =P —o2PR(P)Ox —0

since P is flat over Picx+. Let t : Picx+ — X' x Picx+ be the pullback of Speck — X*
to Picx+. Note that 1,Opic,, = (p’)*Os, whence L.U'P = P ® (p’)*O by the projection
formula.

By [BLR90, 8.1 Thm 7] and Lemma A.1 (1), there are coherent sheaves F and A on Picx+
with functorial isomorphisms

p*(P (g>(91:'icXJr M) = HOIH(.F,M)
PL(LUP B0y, M) = Hom(N, M)
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for all quasi-coherent sheaves M on Picx+. For large n, the restrictions to Picy. of F and
N are locally free and dual to p.P and p.t.t*P = (*P respectively by [BLR90, 8.1 Thm 7]
and Lemma A.1 (3).

The surjection P — 1,t*P in (23) gives a natural map ' — F. Applying p. to (23) and
restricting to Picy, for large n gives a surjection p,? — P by Lemma A.1 (2). It follows
that we have a split short exact sequence of locally free sheaves

(24) 0O—-N—-F—=E—0

on Picy, for large n. Note that since F is locally free of high rank for large n, £ is non-zero
for large n.

Let Divx+ denote the functor taking a locally Noetherian scheme T over k to the closed
subschemes D of X" x T, flat over T, and with invertible ideal sheaf Z (see [BLR90, 8.2 p
212]). The association D +— Z~! for D € Divy+ (T) determines a map

(25) DiVx+ — PiCx+ .

Let Divx+ o be the functor taking T to the subset of Divx+(T) consisting of those closed
subschemes containing cox T. Define Divy. = Divx+ xpj,, Picy. and similarly for Divy. .

For a coherent sheaf M, let V(M) = SpecSym M and P(M) = ProjSym M, as in
[EGATI, 1.7.8] and [EGATI, 3.1.3].

A.2. Proposition. — Divx+ o < Divx+ is represented by the closed immersion P(Coker(N —
F)) — P(F).

Proof. Let € denote Coker(N — F). For large n, this is consistent with the definition given
in (24). It is sufficient to show the claim after restricting Divx+ o, and Divx+ to functors over
Picx+. Let T — Picx+ be a scheme over Picx:. Let Pr denote the pullback of P to X* x T,
and let N7, Fr, and & denote the pullbacks to T of A, F, and & respectively. We will let
P, p’ (resp. v) also denote their pullbacks to X* x T (resp. T). For a point t : Speck(t) — T
of T, let X, be defined X}, = (X* x T) x1 Speck(t). For an invertible sheaf £, let L7 be

the dual invertible sheaf £~' = Home (L, O).

A section s : Ox+ 7 — Pr induces a map
s Pr! = Oxlr = Oxesr
which is an injection such that the corresponding closed subscheme D is flat over T if and
only if the restriction of s to Xz( . 1s injective for all t by [EGAIV;, Prop. 11.3.7]. Since

X{{(y is reduced and irreducible, the restriction of s™' to X, is injective if and only if it is

non-zero. By the definition of F, the set of such s is in natural bijection with morphisms
F1 — Ot which are non-zero on all stalks. By Nakayama’s lemma, a morphism 71 — Oy
is non-zero on all stalks if and only if it is surjective.

D contains co x T if and only if the image of s~' is contained in the ideal sheaf (p’)*Z,,
of oo x T. This occurs if and only if the image of s is contained in Pr ® (p')*Z.., which by
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(23) occurs if and only if the composition of s with
Pr — uUPr

is 0. Thus, D contains co x T if and only if the morphism Fr — O corresponding to s is
pulled back from a morphism & — Or.

It follows that the association s +— D induces a bijection between the set of elements
D of Divy+  equipped with an isomorphism Z — P;', where Z denotes the ideal sheaf
of D, and surjections & — Or. Let Hom(&r, Or)*™ C Hom(&r, Or) denote the subsheaf
of surjections. As the automorphisms of P;' are canonically isomorphic to the global
sections I'(X™ x T, O, ..1) = I'(T, O3), the association s — D induces a bijection between
the set of elements D of Divy+ o, such that Z = P;' and I'(T, Hom(&r, O1)%9) /T(T, O%).

Since two invertible sheaves £; and £; on X* x T induce the same map T — Picx- if
and only if £; ® £, is pulled back from T [BLR90, 8.1 Prop 4], it follows that

I'(T, Hom(&r, Or)™9/O5) = (Divxs Xpie,, T)(T).

Note that (T, Hom(&r, O1)™/0%) is in natural bijection with the set of all equivalence
classes of pairs of an invertible sheaf £ on T and a surjection ¢ : & — £ where (£, @)
and (L', ¢') are equivalent if there is an isomorphism 6 : £ — L' such that ¢’ = 0.
By [EGAIL, 4.2.3], it follows that the canonical closed immersion P(£) — P(F) represents
DiVxﬂoo — DiVx+. O

A.3. Observation. — Let Divy = Divy, —Divy. . It follows from Proposition A.2 and (24)
that for large n, the vector bundle V(&) represents Divy.

Let Sym™ X denote the n'* symmetric product of X, as in [BLR90, p. 252].

A.4. Proposition. — There is a canonical isomorphism Sym"™ X = Divy.

Proof. Sym™ X represents the functor taking a locally Noetherian scheme T over k to the
closed subschemes D of X x T with invertible ideal sheaf which are flat and finite over T of
degree n by [SGA4y;, 6.3.9]. For any such closed subscheme D, the immersion D — X*xT
is proper because both D — T and the diagonal of X* x T — T are proper morphisms. It
follows that D is also in Divy(T). Similarly, if D is in Divy(T), we have that D is a closed
subscheme of X" x T contained in the complement of co x T, whence D is in Sym"™ X(T).
Thus, we have an identification of Sym™ X and Divy. O

Combining Proposition A.4 and Observation A.3 gives

A.5. Proposition. — For X over k a non-proper, smooth, geometrically connected curve,
Sym™ X — Pic™ X*
is given by V(&) for a non-zero locally free sheaf £ on Pic" X™ for large n.
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