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(a) Prove that the Galois group G of the polynomial X° + 3 over Q is of
order 6.

(b) Show that in fact G is isomorphic to the symmetric group Ss.

(c) Is there a prime number p such that X° + 3 is irreducible over the finite
field of order p?

Solution. We initially work over any field k& in which the polynomial X% 4 3
is irreducible. Clearly k& cannot have characteristic 2 or 3. Let a be a root of
X643 in an algebraic closure k of k, and set w = (—1+a?)/2. Then a simple
calculation gives w? +w+1 =0, so w® = 1 but w # 1. In fact, 1, w, w?, —1,

—w, —w? are all distinct elements of k; they are the six roots of X6 4+1 =0,

S0 @, wa, w?a, —a, —wa, —w?a are the six roots of X% 4 3 = 0. These roots
all lie in the extension k(«), which has degree 6 because « is a root of an
irreducible degree 6 polynomial. So the Galois group of X% + 3 over k is of

order 6.

The Galois group acts transitively on the roots of the polynomial X + 3,
so there are elements ¢ and 7 of the Galois group sending « to wa and —«
respectively. Then

 —l4o0(@)? -1+ (wa)®  —1+4a?

W)= 2 2
and
-1 3 -1 _ )3 _1-— 3
(W) = +7(@)° _ —1+(-a)® o e
2 2 2
Therefore 7(0(a)) = T(wa) = —w?a while o(7(a)) = 0(—a) = —wa, so o and

7 do not commute. So GG is a nonabelian group of order 6, and thus must be
isomorphic to the symmetric group Ss.

We now finish the problem.

(a) The polynomial X6 + 3 is irreducible over Q by Eisenstein’s criterion at
the prime 3. So the preceding arguments show that the Galois group of
X6 4+ 3 over Q is of order 6.

(b) Similarly, we also showed under the same assumption that the Galois
group was isomorphic to Ss.



(c) No, there is no prime p such that X%+ 3 is irreducible over the finite field
of order p. If there was, then by the preceding arguments, the extension
formed by adjoining a root of X% 4 3 would be a Galois extension with
Galois group S3. But the Galois groups of finite extensions of the field
of order p are all cyclic groups, a contradiction.

o
/ L dt
o (1+1)?
Solution. Write /z for the branch of the square root function defined on
C — [0, 00) such that y/z has positive real part when z = r + €i, € small and

positive. Using the identity (y/z)? = z one can check that d(}f = 2\1/2.

2. Evaluate the integral

Define the meromorphic function f on C — [0,00) by f(2) = v/z/(1+ 2)%. Let
€ > 0 be small and R large, and let v be the contour which starts at ez, travels
along the ray z = [0,00) + ei until it reaches the circle |z| = R, traverses
most of that circle counterclockwise stopping at the ray z = [0,00) — e,
then travels along that ray backwards, and finally traverses the semicircle
|z| = € in the left half-plane to get back to ei. Consider the contour integral
fv f(z)dz. The contribution from the first ray is approximately the desired
integral I = [;° v/t/(1 +t?) dt; the contribution from the large circle is small,
because when |z| = R, |v/z/(1 4 2)?| is about R=%/2, and the perimeter of
the circle is only about 27 R; the contribution from the second ray is about
I again, because the sign from traveling in the opposite direction cancels the
sign coming from the branch cut in /z; and the contribution from the small
circle is small because f(z) is bounded in a neighborhood of 0. So

2] = lim /\/gzdz:Qm' dvz = 273 ! =7
e—0,R—o00 5 (1 —+ Z) dz =1 24/ —1

and thus I = 7.

3. For X C R? a smooth oriented surface, we define the Gauss map g : X — S? to
be the map sending each point p € X to the unit normal vector to X at p. We
say that a point p € X is parabolic if the differential dg, : T)(X) — Ty(,)(S?)
of the map ¢ at p is singular.

(a) Find an example of a surface X such that every point of X is parabolic.

(b) Suppose now that the locus of parabolic points is a smooth curve C' C X,
and that at every point p € C' the tangent line 7},(C') C T),(X) coincides
with the kernel of the map dg,. Show that C' is a planar curve, that is,
each connected component lies entirely in some plane in R3.

Solution.



()
(b)

Let X be the xy-plane; then the Gauss map g : X — S? is constant, so
its differential is everywhere zero and hence singular.

Consider the Gauss map of X restricted to C, g|c : C — S2. Then for
any point p € C, d(g|c)p = (dgp)|1,(c), Which is 0 by assumption. Hence
glc is locally constant on C. That is, on each connected component C of
C there is a fixed vector (the value of g|¢ at any point of the component)
normal to all of Cy. Hence Cj lies in a plane in R? normal to this vector.

4. Let X = (S x S1)\ {p} be a once-punctured torus.

(a)
(b)

How many connected, 3-sheeted covering spaces f : Y — X are there?

Show that for any of these covering spaces, Y is either a 3-times punc-
tured torus or a once-punctured surface of genus 2.

Solution.

(a)

By covering space theory, the number of connected, 3-sheeted covering
spaces of a space Z is the number of conjugacy classes of subgroups
of index 3 in the fundamental group m1(Z). (We consider two covering
spaces of Z isomorphic only when they are related by an homeomorphism
over the identity on Z, not one over any homeomorphism of Z.) So we
may replace X by the homotopy equivalent space X’ = S' v S1. If we
view this new space X' as a graph with one vertex and two directed loops
labeled a and b, then a connected 3-sheeted cover of X’ is a connected
graph with three vertices and some directed edges labeled a or b such that
each vertex has exactly one incoming and one outgoing edge with each
of the labels a and b. Temporarily treating the three vertices as having
distinct labels x, y, z, we find six ways the a edges can be placed: loops
at x, y and z; a loop at x and edges from y to z and from z to y; similarly
but with the loop at y; similarly but with the loop at z; edges from x to ¥,
y to z, and z to z; and edges from x to z, z to y, and y to . Analogously
there are six possible placements for the b edges. Considering all possible
combinations, throwing out the disconnected ones, and then treating two
graphs as the same if they differ only in the labels z, y, z, we arrive at
seven distinct possibilities.

Let C be a small loop in S! x S! around the removed point p, and let
Xy C X be the torus with the interior of C removed, so that X is a
compact manifold with boundary C' = S'. Now let Y be any connected,
3-sheeted covering space of X. Pull back the covering map ¥ — X along
the inclusion Xy — X to obtain a 3-sheeted covering space Yy of Xj.
Since Xy — X is a homotopy equivalence, so is Yo — Y and in particular
Yy is still connected. We can recover Y from Yy by gluing a strip D x [0, 1)
along the preimage D of C in Yp. So, it will suffice to show that Y is



either a torus with three small disks removed, or a surface of genus two
with one small disk removed.

Since Yy is a 3-sheeted cover of Xy, it is a compact oriented surface
with boundary. By the classification of compact oriented surfaces with
boundary, Yy can be formed by taking a surface of some genus g and
removing some number d of small disks. The boundary of Yy is D, the
preimage of C, which is a (not necessarily connected) 3-sheeted cover of
C'. So Yj has either one or three boundary circles, i.e., d =1 or d = 3.
Moreover, we can compute using the Euler characteristic that

2 —2g —d=x(Yo) = 3x(Xo) = —3.

If d =3, then g =1;if d = 1, then g = 2. So Y is correspondingly either
a 3-times punctured torus or a once-punctured surface of genus two.

5. Let X be a complete metric space with metric p. A map f: X — X is said
to be contracting if for any two distinct points x,y € X,

p(f(x), f(y) < p(z,y).

The map f is said to be uniformly contracting if there exists a constant ¢ < 1
such that for any two distinct points z,y € X,

p(f(z), f(y) < c-plz,y).

(a) Suppose that f is uniformly contracting. Prove that there exists a unique
point € X such that f(z) = x.

(b) Give an example of a contracting map f : [0,00) — [0,00) such that
f(z) # x for all z € [0, c0).

Solution.

(a) We first show there exists at least one fixed point of f. Let o € X be
arbitrary and define a sequence x1, 3, ..., by x, = f(xp—1). Let d =
p(zo,21). By the uniformly contracting property of f, p(xy, Tpt1) < dc”
for every n. Now observe

P(l’m ‘Tn—l—l) +---+ P($n+k717 ‘TnJrk:)
dc" + -+ de TR
dc" /(1 —c).

p(ﬂ?n, $n+k)

ININ A

This expression tends to 0 as n increases, so (x,) is a Cauchy sequence
and thus has a limit x by the completeness of X. Now f is continuous,
because it is uniformly contracting, so

f(z)= lim f(x,)= lim 2,41 ==,



and x is a fixed point of f, as desired.

To show that f has at most one fixed point, suppose x and y were distinct
points of X with f(x) =z and f(y) = y. Then

p(x,y) = p(f(z), f(y)) < cp(z,y),

which is impossible since p(z,y) > 0 and ¢ < 1.

(b) Let f(z) =2+ e * Then f(x) =1—e* €]0,1) for all z > 0, so by
the Mean Value Theorem 0 < f(x) — f(y) < x —y for any = > y > 0.
Thus f is contracting. But f has no fixed points, because 4+ e~%/2 # x
for all x.

6. Let K be an algebraically closed field of characteristic other than 2, and let
Q C P2 be the surface defined by the equation

X242+ 224+W?=0.

(a) Find equations of all lines L C P? contained in Q.

(b) Let G = G(1,3) C P5 be the Grassmannian of lines in P3, and F C G
the set of lines contained in ). Show that F' C G is a closed subvariety.

Solution.

(a) Since K is algebraically closed and of characteristic other than 2, we
may replace the quadratic form X? 4+ Y2 + Z2? 4 W? with any other
nondegenerate one, such as AB + CD. More explicitly, set A = X +
V=1V, B = X—/-1Y,C = Z++/—1W, D = —Z++/—1W; this change
of coordinates is invertible because we can divide by 2, and AB—CD =
X2+ Y24+ 22+ W2
A line contained in the surface in P? defined by AB—CD = 0 is the same
as a plane in the subset of the vector space K* defined by vive —v3vy = 0.
Define a bilinear form (-, -) on K* by (v, w) = viws +vowi — v3ws — v4ws3.
Then we want to find all the planes V C K* such that (v,v) = 0 for
every v € V. Observe that

(v+w,v+w)— (v,v) — (w,w) = (v,w) + (w,v) = 2(v,w),

so it is equivalent to require that (v, w) =0 for all v and w € V.
Suppose now that V is such a plane inside K*. Then V has nontrivial
intersection with the subspace {v; = 0}; let v € V' be a nonzero vector
with v1 = 0. Since v1v9 —v3v4 = 0, we must have either v3 = 0 or v4 = 0.
Assume without loss of generality that vs = 0. Write u = v, t = wvy;
then (u,t) # (0,0). Now consider any vector w € V; then

0 = (w,v) = wivy + WV — W3V — W4V3 = UW] — tws.



So there exists » € K such that w; = rt and ws = ru. We also have
0= §(w7w) = WiW2 — W3Wq4 = rtwg — ruwy.

Hence either r = 0 or there exists s € K such that wy = su and w4 = st.
So

V C {(w1,0,w3,0) | wy,ws € K } U{(rt,su,ru,st)|r,se€ K }.

Since V' has dimension 2, we conclude that V' must be equal to one of
these two planes.

This discussion was under the assumption that v3 = 0 rather than v4 = 0;
in the second case, we find that V' is of one of the forms { (w1, 0,0, wy) |
wi,wse € K} or {(rt,su,st,ru) | r,s € K} for (u,t) # (0,0). But
we obtain { (wy,0,ws,0) | wi,ws € K} by setting (u,t) = (0,1) in
{(rt,su, st,ru) | r,s € K } and { (w1,0,0,wy) | w1, ws € K} by setting
(u,t) = (0,1) in { (rt, su,ru, st) | r,s € K }. Hence all such planes V are
of one of the forms

v = {(rt,su,ru,st) | r,s € K}

u,t

or
Vu(i) = {(rt,su,st,ru) | r,s € K}

for some (u,t) # (0,0). And it is easy to see conversely that each of these
subspaces is two-dimensional and lies in the subset of K* determined by
(v,v) = 0.

Translating this back into equations for the lines on the surface @), we
obtain two families of lines:

t+su rt—su ru—st ru-+ st
L(l):{ ! : : : r,sEK},
ut 2 2y/—1 2 2y/—1 |

t+su rt—su st—ru st+ru
L(Q):{[r : : : ] T,SEK}»
it 2 2v/—1 2 2v/—1 |

where (u,t) ranges over K2\ {(0,0)}. The families Lgi and L,EQ,Z are
disjoint, and two pairs (u,t) and (u’,t’) yield the same line in a given
family if and only if one pair is a nonzero scalar multiple of the other.

By the result of the previous part, F' is the image of a regular map
P'IIP!' — G, so F is a closed subvariety of G.



1.

(a)
(b)
(c)
(d)
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Show that the ring Z[i] is Euclidean.
What are the units in Z[i]?
What are the primes in Z[i]?

Factorize 11 + 7i into primes in Z[i].

Solution.

(a)

We define a norm on Z[i] in the usual way, |a + bi| = va? + b>. Then we
must show that for any a and b in Z[i] with b # 0, there exist ¢ and r in
Z[i] with a = gb+r and |r| < |b|. Let o = a/b € C and let ¢ € Z][i] be
one of the Gaussian integers closest to qg; the real and imaginary parts
of ¢ differ by at most % from those of qo, so |¢ — qo| < V2/2 < 1. Now
let r = a — gb. Then

7] = la — gb| = |(q0 — q)b] = |g0 — ql|b] < |b]

as desired.

If w € Z[i] is a unit, then there exists v’ € Z[i] such that uu’ = 1, so
|u||v/| = 1 and hence |u| = 1 (since |z| > 0 for every z € Z[i]). Writing
u = a + bi, we obtain 1 = |u| = va? + b2 so either a = £1 and b = 0 or
a =0 and b = +1. The four possibilities u = 1, —1, i, —i are all clearly
units.

Since Z[i] is Euclidean, it contains a greatest common divisor of any two
elements, and it follows that irreducibles and primes are the same: if z
is irreducible and z { x and n { y, then ged(z,z) = ged(y,z) = 1, so
1€ (z,2) and 1 € (y, 2); hence 1 € (zy, 2), so z t zy.

Let z € Z[i]. If |z| < 1, then z is either zero or a unit so is not prime. If
|z| = /P, p € Z a prime, then u must be a prime in Z[i], because | - | is
multiplicative and |z|? € Z for all z € Z[i]. It remains to consider z for
which |z|? is composite.

Write v/ N = |z|, and factor N = pips - - - p, in Z. Note that

z|22=N=pip2---p;

so if z is prime, then z divides one of the primes p = p; in Z[i]. Moreover
Z also divides p so N = zZ divides p?; since N is composite we must have
N = p?. That is, 2z = p?; by assumption the left side is a factorization



into irreducibles, so up to units each p on the right hand side must be a
product of some terms on the left; the only possibility is z = pu, z = pu
for some unit u. Now when p = 3 (mod 4), p is indeed a prime in Z[i],
because then p | a®> + > = p|a,b = p? | a® + b?, so there are no
elements of Z[i] with norm /p. If p =1 (mod 4), then p can be written
in the form p = a® + b, so p = (a + bi)(a — bi) and p is not in fact a
prime.

In conclusion, the primes of Z[i] are

e clements z € Z[i] with z = \/p, p € Z prime (necessarily congruent
to 1 mod 4);

e elements of the form pu with p € Z a prime congruent to 3 mod 4
and u € Z[i] a unit.

(d) We first compute |11 + 7i| = /121 +49 = /170; so 11 + 7i will be
a product of primes with norms v/2, v/5 and v/17. There is only one
prime with norm /2 up to units and only two with a norm /5; a quick
calculation yields

11+ 7i = (1+4)(1 + 2i)(1 — 49).
2. Let U C C be the open region
U= {z:|z—1]<1land|z—i| <1}.
Find a conformal map f: U — A of U onto the unit disc A = {z: |z] < 1}.

Solution. The map z — 1/z takes the open discs {z : |z — 1| < 1} and
{2 :]z —i|] < 1} holomorphically to the open half-planes {z : Rz > 3} and
{z:Q2z < —%} respectively, so it takes U to their intersection. So we can
define a conformal isomorphism fy from U to the interior U’ of the fourth

quadrant by
1 1—3
Now we can send U’ to the lower half plane by the squaring map, and that to

A by the Md&bius transformation z — Z_lz. 73 1. Thus the composite

1
——— — 1
G- +s

is actually a conformal isomorphism from U to A.

3. Let n be a positive integer, A a symmetric n X n matrix and @ the quadratic

form
Q)= Y Az

1<ij<n
Define a metric on R™ using the line element whose square is

ds? = Q@) Z dr' @ dz'.

1<i<n



(a) Write down the differential equation satisfied by the geodesics of this
metric

(b) Write down the Riemannian curvature tensor of this metric at the origin
in R™.

Solution. We first compute the Christoffel symbols I'™;; with respect to
the standard basis for the tangent space (0/0z). The metric tensor in these
coordinates is

gij = 6,69 with inverse ¢V = §;;e” 9@,

Its partial derivatives are

0 0
5. Q § {
6(1}kg” = (51]6 ( )aku( = 25 6 () Alkxl

Then (using implicit summation notation)
1 d 0 0
ij 29 <8ZC2 9kj + 8.1‘j ik oz, glj)
1
= 5(Sk,,nca_Q(:‘)(25;{;]-662(“’6)Aliwl + 2009 ® Ay — 26,569 Ayy)
= (OmjAi + 6imAr; — 0ijAim )2y

(a) The geodesic equation is

d2z dx; dx;

— m sz ? J

0 az i
d?z,, dx; dxj

= — Omi A + Oim A — 057 A
dt2 +( J i T l7 YR )'xl dt dt

2
= ddj;m +2 Z Az dd? ddwf Z Ay Z (dxl>

(where we have written summations explicitly on the last line).

(b) The Riemannian curvature tensor is given by

0 0
l l l l s l s
Rijk = aixjrzkz_airz]‘i‘rjsr ik_rk‘srz‘j
= (OwAri + 0uArk — 6inAr) — (S15Ari + 0 Arj — 6ijAn)
+ ((5lsAtj + 6lets - 5jsAtl)xt(5skAui + 5zsAuk - 5zkAus)xu

— (015 Ak + O Avs — OpsAn) (055 Aui + OisAuj — 05 Aus) Tu.

4. Let H be a separable Hilbert space and b: H — H a bounded linear operator.

(a) Prove that there exists r > 0 such that b 4 r is invertible.



(b)

Suppose that H is infinite dimensional and that b is compact. Prove that
b is not invertible.

Solution.

(a)

It is equivalent to show that there exists € > 0 such that 1—eb is invertible.
Since b is bounded there is a constant C' such that ||bv|| < C||v|| for all
v € H. Choose € < 1/C and consider the series

a=1+eb+e2?+ ...

For any v the sequence v + ebv + €2b%v 4 --- converges by comparison
to a geometric series. So this series converges to a linear operator a and
a(l —eb) = (1 — eb)a =1, that is, a = (1 — eb) L.

Suppose for the sake of contradiction that b is invertible. Then the open
mapping theorem applies to b, so if U C H is the unit ball, then b(U)
contains the ball around 0 of radius ¢ for some € > 0. By the definition
of a compact operator, the closure V' of b(U) is a compact subset of H.
But H is infinite dimensional, so there is an infinite orthonormal set v,
Vs, ..., and the sequence vy, evg, ... is contained in V but has no limit
point, a contradiction. Hence b cannot be invertible.

5. Let X C P" be a projective variety.

(a)
(b)
()

Define the Hilbert function hx(m) and the Hilbert polynomial px(m) of
X.

What is the significance of the degree of px? Of the coefficient of its
leading term?

For each m, give an example of a variety X C P" such that hyx(m) #
px(m).

Solution.

(a)

The homogeneous coordinate ring S(X) is the graded ring S(P")/I,
where S(P™) is the ring of polynomials in n+ 1 variables and I is the ideal
generated by those homogeneous polynomials which vanish on X. Then
hx (m) is the dimension of the mth graded piece of this ring. The Hilbert
polynomial px(m) is the unique polynomial such that px(m) = hx(m)
for all sufficiently large integers m.

The degree of px is the dimension d of the variety X C P, and its
leading term is deg X/d!.

Let X consist of any k distinct points of P"*. Then X is a variety of
dimension 0 and degree k, so by the previous part px(m) = k. But
hx(m) is at most the dimension of the space of homogeneous degree m
polynomials in n + 1 variables, so for sufficiently large k, hx(m) < k =
px(m).



6. Let X = S?2VRP? be the wedge of the 2-sphere and the real projective plane.
(This is the space obtained from the disjoint union of the 2-sphere and the
real projective plane by the equivalence relation that identifies a given point
in S? with a given point in RP?, with the quotient topology.)

(a) Find the homology groups H,(X,Z) for all n.
(b) Describe the universal covering space of X.

(c¢) Find the fundamental group 7 (X).

Solution.

(a) The wedge AV B of two spaces satisfies H,(AV B,Z) = H,(A,Z) ®

H,(B,Z) for all n, so
Ho(X,Z) =7, Hi(X,Z)=17/2Z, HyX,Z)=1.

(b) The universal covering space X of X can be constructed as the union
of the unit spheres centered at (—2,0,0), (0,0,0) and (2,0,0) in R3; the
group Z/27 acts freely on X by sending = to —z, and the quotient is X.
Topologically, X is the wedge sum S2 Vv S2 v §2.

(¢) Since X is the quotient of the simply connected space X by a free action
of the group Z /27, we have m(X) = Z/2Z.
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1. For z € C\ Z, set

(a)
(b)

AN
f(2) = Nhg;@( ZNZ+n>

Show that this limit exists, and that the function f defined in this way
is meromorphic.

Show that f(z) = 7 cot 7z.

Solution.

(a)

We can rewrite f as

£ Ly i . 1+i 922
zZ)=— 11m = — [ A
Zz N—-oo “z+n z-n z 22 —n?

For any z € C\ R, the terms of this sum are uniformly bounded near
z by a convergent series. So this sum of analytic functions converges
uniformly near z and thus f is analytic near z. We can apply a similar
argument to f(z) — Zin to conclude that f has a simple pole at each
integer n (with residue 1).

The meromorphic function 7 cot 7z also has a simple pole at each integer
n with residue lim,_,,(z —n)(mcotmz) = 1, so f(z) —mcot wz is a global
analytic function. Moreover

_ al 1 1
Je+1) = fle) = j&f&;(z z+1+n_z+n>

n=—N

. 1 1
= lim —
Nooco\z+1+ N z— N
= 0

for all z € C\ Z, and cot m(z + 1) = cot 7z, so f(z) — wcot 7z is periodic
with period 1. Its derivative is

d 1 o 1 1 .
I'(z) — @WCOtﬂ'Z’ =—=+ Z <_(z+n)2 G —n)2> + 72sin? 72.
n=1

This is again an analytic function with period 1, and it approaches 0
as the imaginary part of z goes to oo, so it must be identically 0. So



f(z) — meot 7z is constant; since it is an odd function, that constant
must be 0.

2. Let p be an odd prime.

(a)
(b)
(c)

What is the order of GLy(IF,)?
Classify the finite groups of order p?.

Classify the finite groups G of order p? such that every element has order
.

Solution.

(a)

To choose an invertible 2 x 2 matrix over [F,, we first choose its first
column to be any nonzero vector in p? — 1, then its second column to
be any vector not a multiple of the first in p? — p ways. So GLy(F,) has
(p? — 1)(p? — p) elements.

Let G be a group with p? elements. As a p-group, G must have nontrivial
center Z. If Z = G, then G is abelian and so G = (Z/pZ)? or G = Z/p*Z.
Otherwise Z has order p. So there is a short exact sequence

1—-72—G—Z/pZ — 1.

The sequence splits, because we can pick a generator for Z/pZ and choose
a preimage for it in G; this preimage has order p (G cannot contain an
element of order p? or it would be cyclic) so it determines a splitting
Z/pZ — G. Hence G is the direct product of Z and Z/pZ (because Z is
central in ). So there are no new groups in this case.

Let G be a group with p? elements in which every element has order
p, and let Z be the center of GG; again Z is nontrivial. If Z has order
p3, then G is abelian, and since every element has order p, G must be
(Z/pZ)3. 1f Z has order p?, then Z must be isomorphic to (Z/pZ)?, and
there is a short exact sequence

1—-7Z2—G—Z/pZ — 1.

Again, we can split this sequence by choosing a preimage of a generator
of Z/pZ, so G is the direct product Z x Z/pZ. Hence Z is not really the
center of G, and there are no groups in this case. Finally, suppose Z has
order p; then there is a short exact sequence

1—Z—G— (Z/pZ)* — 1.

Let a and b be elements of G whose images together generate (Z/pZ)?.
Then the image of ¢ = bab~ta=! is 0 € (Z/pZ)?, so c lies in Z. If a
and b commuted, we could split this sequence which would lead to a



contradiction as before. Hence c is a generator of Z. We can write every
element of G uniquely in the form a’¥/c* with 0 < 4, j, k < p, and we
know the commutation relations between a, b and c; it’s easy to see that
G is isomorphic to the group of upper-triangular 3 x 3 matrices over I,
with ones on the diagonal via the isomorphism

1 k
abd — [0 1
0 1

O .

It remains to check that in this group every element really has order p.
But one can check by induction that

1j K" (1 nj nk+ 20l
01| =0 1 ni
00 1 0 0 1

and setting n = p, the right hand side is the identity because p is odd.

3. Let X and Y be compact, connected, oriented 3-manifolds, with

(a)
(b)

m(X)=(Z/32)®Z®Z and m(Y)=(Z/62) DZ DL D L.

Find H,(X,Z) and H,(Y,Z) for all n.
Find H, (X x Y,Q) for all n.

Solution.

(a)

(We omit the coefficient group Z from the notation in this part.) By the
Hurewicz theorem, H;(X) is the abelianization of 71 (X), so Hj(X) =
(Z/3Z) © Z & Z. By Poincaré duality, H>(X) = (Z/3Z) ® Z & Z as
well. Now by the universal coefficient theorem for cohomology, H'(X) is
(noncanonically isomorphic to) the free part of Hy(X). So HY(X) =Z®
Z, and by Poincaré duality again Hy(X) = Z®Z too. Of course, H3(X) =
7Z because X is a connected oriented 3-manifold. So the homology groups
of X are

Hy(X)=2, Hi(X)=(Z/3Z)®7Z* Hy(X)=127? H3X)=7Z.
Entirely analogous arguments for Y yield
Hy(Y)=7, H\(Y)=(Z/6Z)DZ3 Hy(Y)=173 Hs(Y)="7Z.

The module Q is flat over Z (Tor2(Q, —) = 0 for n > 0) so for any space
A, H,(A,Q) =Q® H,(A,Z). In particular,

HO(X7Q) :Q7 Hl(XaQ) :Q2a HQ(Xa@) :Q27 H3(X7Q) :Qa



HO(KQ) :Q7 HI(KQ) :@37 H2<Y7@) :Q37 HS(Y7Q) :Q

The Kiinneth theorem over a field & states that H,(Ax B, k) = H. (A, k)®
H,(B, k) for any spaces A and B. So the homology groups H, (X xY,Q)
forn=0,...,6 are

Q @, Q' QY QY @, @

Note. Actually, there are no compact connected 3-manifolds M with 71 (M) =
(Z/3Z)BZBZ or mi (M) = (Z/6Z)BZSZEZ. The only abelian groups which
are the fundamental groups of compact connected 3-manifolds are Z/nZ, Z,
ZSLZBZ,and (Z/2Z) & L.

. Let C°(R) be the space of differentiable functions on R with compact support,
and let L!(R) be the completion of C°(R) with respect to the L' norm. Let
f € LY(R). Prove that

lim l
h—0 h

[ 1) - fady =0
ly—z|<h

for almost every zx.

Solution. Let X be the set of € R such that

. 1 1
hmsup/ [f(y) = fla)ldy > .
h—0 ly—z|<h

We will show that Xj has measure 0 for each k = 1, 2, .... The union of these
sets is the set of x for which the displayed equation in the problem statement
does not hold; if it is the union of countably many sets of measure 0, it also
has measure 0, proving the desired statement.

Fix a positive integer k, and let ¢ > 0. By the given definition of L'(R),
there is a differentiable function g on R with compact support such that
I|lf — gl <e/4k. Write fi = f — g. I claim that

. 1 . 1
i [ 1) @y =tmswo g [ 1A0) Ay

h—0 h—0

so we may replace f by fi. Indeed, by the triangle inequality, the difference
between the two sides is at most

. 1
lim sup —- / l9(y) — g(z)| dy.
h—0 ly—z|<h

Since g is continuous, we may choose h small enough so that the integrand is
bounded by ¢ for any é > 0, hence this limsup is 0.



So now suppose f € L'(R) is such that ||f||1 < e¢/4k. Observe that

Jim sup /|yx|<h‘ F) = f@)|dy < hmsup% /lymwf(x)wf(y)dy

h—0 h—0

. 1
= 2|f(w)|+hmsuph/ |f(y)| dy.
h—0 ly—z|<h

Now define F(z) = [*__|f(y)| dy. Then by the Lebesgue differentiation theo-
rem F is differentiable with F’(z) = |f(z)| for almost every z. The last term
on the second line above equals 2F”(x) wherever the latter is defined, so for
almost every x,

. 1
timsupy [ (f(0) - f@)ldy < 4170
h—0 ly—z|<h

The measure of the set of points x such that 4|f(z)] > 1/k is at most
4k ||f|l1 < e, so the measure of X} is at most €. Since £ was arbitrary,
X}, has measure 0 as claimed.

. Let P? be the projective space of homogeneous quadratic polynomials F(X,Y, Z)
over C, and let ® C P be the set of those polynomials that are products of
linear factors. Similarly, let P? be the projective space of homogeneous cubic
polynomials F'(X,Y, Z), and let ¥ C P? be the set of those polynomials that
are products of linear factors.

(a) Show that ® C P> and ¥ C PY are closed subvarieties.
(b) Find the dimensions of ® and V.
(c) Find the degrees of ® and V.

Solution.

(a) Identify P? with the projective space of linear polynomials F(X,Y, Z)
over C. Then there is a map P? x P2 — P° given by multiplying the
two linear polynomials to get a homogeneous quadratic polynomial. Its
image is exactly ®. Since P? x P? is a projective variety, ® is a closed
subvariety of P?. Similarly, there is a map P? x P2 x P? — PY with image
U, showing that ¥ is a closed subvariety of PY.

(b) The fibers of the maps P? x P2 — ® and P? x P2 x P? — ¥ are all
0-dimensional by unique factorization, so dim ® = 4 and dim ¥ = 6.

(c) We will show that the degree of W is 15. The degree of ® can be shown
to be 3 by a similar argument, or by noting that ® C P° is defined by
the vanishing of the determinant.

The dimension of ¥ is 6, so we could compute the degree of ¥ by in-
tersecting ¥ with 6 generic hyperplanes in P?. Instead, we will choose 6



hyperplanes which are not generic. Each f € ¥ has a zero locus which
is the union of three lines in P?. If z is a point of P2, the set of g € PY
for which g(z) = 0 is a hyperplane. Pick 6 generic points x1, ..., z¢ of
P2, and consider those f € ¥ whose zero loci pass through all of these
points. Such an f has a zero locus consisting of three lines whose union
contains 1, ..., Tg; there is exactly one way to choose those lines for
each partition of {x1,...,z¢} into three parts of size two. We can easily
count that there are 15 such partitions. So ¥ meets this intersection of
6 hyperplanes set-theoretically in 15 points. Without verifying that the
intersection is transverse, we can only conclude that the degree of W is
at least 15.

We next use the Hilbert polynomial to show that the degree of ¥ is at
most 15. Let V; be the vector space of degree-l homogeneous polyno-
mials on ¥, and W the vector space of degree-(l,l,1) tri-homogeneous
polyonimals on P? x P? x P? which are invariant under the action of Ss
given by permuting the three P? factors. Name the multiplication map
P2 xP?x P2 — PY from part (a) m. Pullback along m gives a map m* from
Vi to Wy, because moo = m for any o € S3 acting on P? x P? x P2. More-
over m* is injective, since m is surjective. Therefore dimV; < dim Wj.
The dimension of Wj is the number of monomials of tridegree (I,1,1) up
to symmetry, or equivalently the number of 3 x 3 matrices of nonnega-
tive integers with columns summing to [ up to permutation of columns.

142
There are (lgz) possible columns and thus (( 23)+2) = % + O(13) such

matrices. So dim 'V} < 213—% + O(1?) and it follows that the degree of ¥ is

at most % = 15. Together with the previous bound, this shows that
deg ¥ = 15.

(Note: m* is not always surjective. The dimension of V; is at most
the dimension of the space of degree-I homogeneous polynomials on P?,

namely (Q—IH)_ When [ = 2 this is only (121) = 55, while dimW; =

((3);2) = (g) = 56. Thus, additional care would be needed to show that
deg ¥ = 15 using only the Hilbert polynomial.)

6. Realize S! as the quotient S? = R/27Z, and consider the following two line
bundles over S*:

L is the subbundle of S! x R? given by

L ={(0,(z,y)) : cos(f) - x +sin(f) - y = 0}; and
M is the subbundle of S' x R? given by

M ={(0,(z,y)) : cos(0/2) - x +sin(/2) - y = 0}.

(You should verify for yourself that M is well-defined.) Which of the following
are trivial as vector bundles on S'?



Solution.

(a) Since L is a line bundle, to show that L is trivial, it suffices to give a
section of L which is everywhere nonzero. Take s(6) = (—sin(f), cos(9)).

(b) Let B C M be the subbundle of vectors of unit length (so B is an
SY bundle over S'). Consider the map v : S = R/27Z — B defined
by v(0) = (20, (—sin(f),cos(f))). Then v is a homeomorphism, so in
particular, B is not homeomorphic to S° x S, and M cannot be a trivial
line bundle.

(c) Let C C L® M be the subbundle of vectors of unit length (so C' is an S*
bundle over S*). We will write v @ w for a vector in L ® M over z € S,
where v and w are vectors in L and M over x respectively. Consider the
map h : St x [0,27] — C given by

h(¢,0) = (0, (cos ¢(—sin b, cos ) @ sin p(—sin(0/2), cos(0/2)))).
This is a homotopy between the maps S' — C given by

h(¢,0) = (0, ((0, cos ) @ (0,sin ¢)))

and
h($,2m) = (0, ((0,cos¢) @ (0, —sin @))).

If L& M — S' were a trivial plane bundle, then C' would be the torus
and these two paths would not be homotopic. Hence L @& M is not a
trivial plane bundle over S!.

(d) Define s:[0,27] — M @& M by
s(0) = (6, (cos(0/2)(—sin(6/2),cos(6/2))Psin(6/2)(—sin(0/2), cos(0/2)))).

Observe that s is nowhere 0 and s(0) = (0, ((0,1) @ (0,0))) is equal to
s(2m) = (0,(—(0,—1) © (0,0))). So s factors through S*, and thus is a
global nonvanishing section of M & M. We can get a second, linearly
independent section of M &M by applying the map A: MdM — MM,

A0, (v @ w)) = (0, (—w) D v))

to s. So s and Ao s form a basis for M & M at every point, and M & M
is a trivial plane bundle over S*.



(e) Consider the map s : [0,27] — M given by

s(0) = (0, (—sin(0/2),cos(0/2))).

Since s(0) = (0,(0,1)) while s(27) = (0,(0,—1)), s does not factor
through S*. However, if we define s : [0,27] — M ® M by

s'(0) = (0,v®@wv) where (0,v)=s(6),

then s'(0) = (0, (0,1)®(0,1)) = (0, (0,—1) ® (0,—1)) = s'(27). So ¢’ is a
global nonvanishing section of the line bundle M ® M, and thus M ® M
is trivial.

Note: Parts (c)—(e) can be solved more systematically using the theory of
vector bundles. For X a pointed compact space, an n-dimensional vector
bundle on the suspension of X is determined up to isomorphism by a homotopy
class of pointed maps from X to the orthogonal group O(n). For a map
f:+ X — O(n), the corresponding vector bundle is obtained by taking trivial
bundles on two copies of the cone on X and identifying them at a point z € X
via the map f(z). In our case X = S° and so a homotopy class of pointed
maps from X to O(n) is just a connected component of O(n). The bundles
L and M correspond to the connected components of the matrices (1) and
(—1) respectively. It follows that the bundles L & M, M & M, and M ® M

correspond to
1 0 -1 0
(0 _1>, (0 _1>, and (1),

respectively, so L & M is nontrivial but M & M and M ® M are trivial.



